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Abstract

We prove that whenever d = d(n) — oo and n—d — oo as n — 0o, then with high probability
for any non-trivial initial colouring, the colour refinement algorithm distinguishes all vertices
of the random regular graph G,, 4. This, in particular, implies that with high probability G,, 4
admits a canonical labelling computable in time O(min{n“, nd? + ndlogn}), where w < 2.372
is the matrix multiplication exponent.

1 Introduction

Given an input graph G, a canonical labelling algorithm computes a bijection g : V(G) —
{1,...,n} with the following property: if a graph G’ is isomorphic to G, then the relabelled
versions of G and G’, under the actions of 75 and 7w, are identical. There is a linear time reduc-
tion from the graph isomorphism problem to canonical labelling: once the labellings ng, 7o have
been computed for two input graphs G,G’, it takes time O(|E(G)|) to check whether G,G’ are
isomorphic. The best known (in the worst case) algorithm for the graph isomorphism problem is
due to Babai [7, 28]: it runs in time exp(O(log®n)) for n-vertex graphs. A quasi-polynomial bound
exp(logo(l) n) is also known for the canonical labelling problem [8]. Nevertheless, for graphs with
bounded degree, both problems can be solved in polynomial time [10, 40]. In particular, this is the
case for d-regular graphs when d = const. In this paper, we show that there exists a polynomial-time
canonical labelling algorithm for almost all d-regular graphs for all 0 < d < n — 1.

Colour refinement (CR) is a simple algorithmic routine that operates on vertex-coloured graphs.
For an input graph G with initial colouring Cy : V(G) — Z, CR iteratively computes new colourings.
At round ¢, Cy(v) is a pair (Cy—1(v), Ci—1(N(v))), where C;_1(N(v)) is the multiset of C;_;-colours
of neighbours of v. That is, the process refines the initial partition Cy and halts once the partition
stabilises. Let us call a colouring discrete if every pair of vertices is coloured differently. If CR runs
on an uncoloured graph (i.e., there is only one initial colour) and outputs a discrete colouring, then,
since the vertex colours are isomorphism-invariant, this yields a canonical labelling by numbering
the colour names in the lexicographic order. In [9, 19, 26], it was proved that CR run on a binomial
random graph G(n, p)! outputs a discrete colouring with high probability (whp, in what follows)?
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2A sequence of events B, holds with high probability if P(B,) — 1 as n — oo.



whenever (1 + 8)“17" < p < i, which implies a near linear time algorithm? for canonical labelling of
G(n,p) [13].

We stress that for regular uncoloured graphs G, CR terminates immediately with a trivial
colouring, and is therefore unsuitable for canonical labelling. For a positive integer n, we denote
[n] := {1,...,n}. Let d < n —1 be a non-negative integer such that dn is even. Let G, 4 be a
uniform distribution over all d-regular graphs on [n]. We write G,, ~ G, 4 for a graph sampled
from this distribution, i.e. G,, is a uniformly random d-regular graph on [n]. Since, for constant d,
efficient canonical labelling algorithms are known, we focus on the case d = w(1). Moreover, since
the edge complement of a d-regular graph is (n — 1 — d)-regular, the edge complement of G,, ,—1_4
is distributed as G, 4. Therefore, we may restrict ourselves to d < n/2. Our main result shows
that the triviality of the initial colouring is the only obstacle for a complete refinement: once a
non-trivial initial colouring is produced, whp CR run on G,, ~ G, 4 outputs a discrete colouring
which is suitable for canonical labelling.

Before we state the main result of this paper, we need one more definition. For a connected
graph G, we denote by diam(G) its diameter.

Theorem 1. Let dy be large enough, let d = d(n) be such that dg < d < n/2, and let G, ~ Gy, 4.
Then, the following holds whp: for every non-trivial partition [n] = Vi U Va of the vertez set of Gy,
CR runs at most 2diam(G,,) + 3 steps on G, and outputs a discrete colouring.

Remark 2. We did not try to optimise the bound on the number of rounds, and we believe that
2diam(G,,) + 3 is suboptimal. In particular, for d > n'/?*¢ we show that 2diam(G,) +1 =5
rounds is enough. Actually, it is natural to suspect that the total number of rounds needed is
(1 + 0giam(G,) (1)) diam(Gy,) whp. We also note that our technique does not directly generalise to
small values of d; in particular, there appears to be a natural barrier at d = 3. Nevertheless, we
believe that the statement of Theorem 1 can be extended to all 3 < d < n/2.

We now describe a possible approach to canonical labelling of G, ~ G, 4 based on our main
result. Since the output of CR can be computed in time O((n+|E(G)|)logn) on an n-vertex graph
G [13], Theorem 1 reduces the problem to efficiently finding an isomorphism-preserving partition
of [n]. To this end, recall that, for any d = w(1), whp G, contains a triangle [32]. Let t; be the
number of triangles that contain the vertex i € [n] in Gy, and let ¢ = max{t1,...,t,}. Using fast
square matrix multiplication, it is possible to compute the vector (t1,...,t,) in time n*, where
w < 2.372 [1]. Alternatively, this vector can be computed in time O(nd?) using the standard
triangle-listing algorithm [17], which is faster when d < n°%%5  assuming the best known upper
bound on the matrix multiplication exponent w (and yields the bound o(n?) for d = o(y/n), which
is faster than any algorithm based on square matrix multiplication since w > 2). Then, we can
partition [n] into sets Vi, Va where V) contains all vertices ¢ for which ¢; = ¢ and V5 contains the
rest. It remains to show that this partition is non-trivial.

Since whp G, contains a triangle, V; is non-empty. When d = o(nl/ 3), the number of triangles
is sublinear whp (by Claim 11 below), which immediately implies that there are vertices that do not
belong to a triangle, and so the set V5 is non-empty as well. In order to show that V5 is non-empty
(i.e., that there are two vertices u,v with ¢,, # t,) whp when d = w(n1/3), fix two vertices u, v and
expose their neighbourhoods N(u), N(v). Then expose the edges inside N(u). Assuming t, = t,,
the set of exposed edges identifies the number of edges in E(G,[V]) \ E(G,[U]). By standard
counting arguments (or using switchings), it follows directly that, for any fixed z = x(n) € Z>¢, the
probability that the latter set contains exactly z edges tends to zero. Finally, when d = @(nl/ 3,

3There exists an implementation of CR that runs in time O((n + |E(G)|)logn) on any n-vertex graph G [13].
However, whp CR halts on G(n, p) in O(1) rounds, implying a linear time bound O(n?p).



X,—EX,
v/ VarX,
converges in distribution to a standard normal random variable as n — oo [22]. In particular, if

P(Vi t; =t) > ¢, then P(X,,/n € Z) > ¢, contradicting the central limit theorem. Therefore, we get
the following.

it is known that the number of triangles X,, in G, satisfies a central limit theorem:

Corollary 3. Let d = d(n) be such that d — oo and n —d — oo, and let Gy, ~ G,, 4. There exists
an algorithm that runs in time O(min{n“ nd?> + ndlogn}) on d-regular n-vertex graphs and whp
outputs a canonical labelling of Gy, .

Related work. In [14, 37], it is proved that, when d < n®, for a sufficiently small ¢, then with
high probability G,, ~ G, ¢ admits a canonical labelling via the 2-dimensional Weisfeiler-Leman
algorithm (2-WL) [50], which is a generalisation of CR where the colouring is applied to pairs of
vertices, and whose running time is O(n3logn) [29]. The weaker version of 2-WL suggested by
Bollébas [14] canonically labels G, in time O(n®/?%¢) whp. Moreover, Kucera [37] claimed that
his version of the algorithm runs in average time O(nd) for d = O(1) which we failed to verify*.
We therefore conclude this paragraph by asking whether there exists a linear-time algorithm —
running in time O(nd) on d-regular n-vertex graphs — that canonically labels G,, whp, at least for
some 3 < d < n/2 (either for all d = O(1), where the hidden constant factor does not depend on
the time complexity, or for some d = w(1)).

For binomial random graphs G(n, p), the study of canonical labelling algorithms has been more
extensive. Babai, Erdés, and Selkow [9] proved that CR outputs a canonical labelling of G(n,1/2)
in linear time whp since it performs only a bounded number of refinement steps. The argument of
[9] can be extended to show [15, Theorem 3.17] that the CR colouring of G(n, p) is whp discrete for
all n=1/51Inn <« p < 1/2. Bollobés [14] showed a polynomial time canonical labelling algorithm for
(1+ E)lnT” < p < 2n /12 which is a weaker version of 2-WL. The next improvement was obtained

by Czajka and Pandurangan [19]: they extended the range of applicability of CR to nllﬁg —~ << p< %,
which was finally extended to (1 +¢)22 < p < 1 by Gaudio, Récz, and Sridhar [26]. Linial and
Mosheiff [39] showed that 2-WL outputs canonical labelling of G(n,p) whp when % < p< %
Finally, a polynomial time algorithm that labels canonically G(n,p) with high probability for all
0 < p = p(n) < 1 was independently established in [6, 48], with CR as the main ingredient
(note that below the connectivity threshold lr‘T”, whp G(n,p) contains many isolated vertices, so
CR-colouring is not discrete).

A partition [n] = Vi U ... UV, of the vertex set of a graph G is called equitable if, for any
1 < 4,5 < t, not necessarily different, any two vertices in V; have exactly the same number of
neighbours in Vj. Clearly, if a graph G' admits a non-trivial equitable partition V7 U ... V;, then
CR does not refine it. The opposite statement is also true — if there is a partition that CR does
not refine, then this partition is equitable. Theorem 1 implies that whp CR refines any non-trivial
partition of G,, 4 with any number of parts. Therefore, it implies that whp G, ~ G, 4 does not
have an equitable partition other than those with 1 part or n parts. If a graph G has a non-
trivial automorphism group Aut(G), then for any non-trivial automorphism o € Aut(G), its cycle

4The paper does not provide a proof of this fact. However, the algorithm computes the vertices on shortest
cycles as a subroutine and uses the following assertion [37, Theorem 3.1]: All cycles of the length k in d-regular
graph can be found in time O(nmin{n, (d — 1)*/?}). First, we believe that the factor (d — 1)*/2 should instead
read (d — 1)””21 (for instance, it is unclear how all triangles could be found in time nd*® — say, in a union of
(d+1)-cliques, there are ©(nd?) triangles, which gives the lower bound Q(nd?) on time needed to list them). Second,
this bound (even with the fractional power) is not enough to get the expected time O(nd). Indeed, G, has a
triangle with asymptotic probability 1 — exp(—(d — 1)*/6). So we get the bound on the expected time to be at least
(1 — exp(—(d — 1)*/6) — 0,(1))nd*® ~ nd"® as d — oo.



decomposition identifies an equitable partition of G. Therefore, if a graph does not have a non-
trivial equitable partition, then its group of automorphisms is either trivial or cyclic. However, in
the second case the graph must be vertex-transitive, which is not the case for G,, whp. In particular,
as noted above, whp there exist two vertices that belong to different numbers of triangles. As a
result, Theorem 1 implies that G,, is asymmetric whp for all d such that d — oo and n — d — oc.
This is a known result for the entire range 3 < n < d—4, having been first established for d = o(y/n)
in [44] and then for d > logn in [31].

Proof strategy. The key step to obtain Theorem 1 is to show that after some number of rounds
of CR, one can coarsen the partition associated with colours to get a partition with k£ parts of
comparable size (for any desired arbitrarily large constant k). The following statement makes this
precise. Note that we may coarsen a partition at any stage of the CR algorithm if it is convenient
for the argument that follows. Clearly, one may couple the original process with the modified one
so that the partitions in the original process are refinement of the corresponding partitions in the
modified one. In particular, if the modified process reaches discrete colouring, then so does the
original one.

Theorem 4. Let dy be large enough, let dy < d =d(n) <n/2, and let G, ~ Gy, 4. Let k € N be an
arbitrary constant. Then, the following holds whp: for every non-trivial partition [n] = Vi U Vs of
the vertex set of Gy, after diam(Gy,) + 2 rounds of CR, there exists a partition [n] = Vi U...UVj
such that for any i € [k], n/3k < |Vi| < 3n/k and V; is a union of some colour classes (in other
words, V1 U ... U Vg is a coarsening of the partition associated with resulting colour classes).

Once there are many parts of linear and comparable sizes, CR distinguishes all vertices after
some additional number of rounds.

Theorem 5. Let dy be large enough, let dy < d = d(n) < n/2, and let Gy, ~ G, 4. There exists
some universal large constant k € N such that the following holds whp: for every initial partition
[n] = Vi U...U Vg such that for any i € [k], n/3k < |V;| < 3n/k, CR terminates on G, after at
most diam(G,,) + 1 rounds and outputs a discrete colouring.

Theorem 1 follows immediately from Theorem 4 and Theorem 5. To prove each of these two
theorems, we address two regimes for d separately: the dense case with d > n!/2t¢_ and the sparse
case with dy < d < n'%17. The corresponding statements are reiterated in Sections 3, 4, 5 and 6.

Theorem 4 for d > n'/?¢ is proved in Section 3. Its proof consists of two parts. First, we show
that whp after one refinement round there exists a coarsening [n| = U; U Uy of the CR-partition
such that |Ui],|Uz| > n/d (Claim 18). One more round is needed to get all colour classes of size
at most dn, for an arbitrary constant 6 > 0 (Claim 19). The latter claim follows from the fact
that there is no large set with all vertices having the same degree profile with respect to (Uy, Us).
This is the main technical complication in the proof of Section 3 in the dense case: although this
fact is easy to show in G(n,p), in random regular graphs we cannot rely on local limit theorems.
Instead we use asymptotic estimations of the number of graphs with a given degree sequence as
well as anti-concentration properties of the hypergeometric distribution. The sparse case d = o(n)
is addressed in Section 4. Here, we show that, for every initial colouring V; U Va, where |Vi| < ¢n,
for a sufficiently small constant ¢ > 0, after a few rounds of colour refinement, we will get a union
of colour classes U of size |U| € [en/d, cn] (Lemma 16). One more round is needed to get a set U’
of size |U’| € [n€/d,0.999n], for an arbitrarily large constant ¢ (Lemma 25). Then, similarly to the
dense case, we show that there is no set of size more than dn such that all its vertices have same
number of neighbours in U’, that gives us the desired partition (Lemma 23). All three lemmas rely



on switching arguments. In particular, the last two lemmas use switchings to establish an analogue
of the Erdés—Littlewood—Offord theorem in the context of uniformly random graphs with a fixed
degree sequence.

Theorem 5 is proved in Sections 5 and 6. The dense case is significantly easier. For instance,
when d = ©(n), two refinement rounds are enough to obtain a discrete colouring whp. Indeed, let
u,v be two fixed vertices. Expose the neighbourhoods N(u), N(v), and all the edges that touch
N(v). The exposed edges identify degree profiles of vertices in N(u) \ N(v) with respect to the
fixed partition. Since the latter set has size ©(n), it is extremely unlikely that all the degrees are

O(kn)
equal to the fixed values. Clearly, the probability of this event is (1 //n/ k> in G(n,p), which

is enough to overcome the union bound with room to spare. In order to transfer this bound to
random regular graphs, we use asymptotic enumeration of graphs with a given degree sequence and
anti-concentration inequalities for hypergeometric distribution, as for the dense case in Theorem 4.
For n!/?*¢ < d = o(n), we need one additional refinement round in order to reach a set of vertices
at distance at most 2 from {u, v} of size ©(n). The sparse case d < n'%/17 addressed in Section 6,
requires a more delicate switching argument and constitutes the most technical part of the paper.
Here, in order to reach a set of size O(n), from fixed vertices u,v, we need diam(G,,) rounds.
Then, in contrast to the sparse case in Theorem 4, we need a multidimensional analogue of the
Erd6s—Littlewood—Offord theorem (Claim 32), since the degree profiles are considered with respect
to k sets of the partition. Nevertheless, the claim can still be established by applying a similar
switching argument O(k) times.

Organisation. We start by presenting some preliminary results on properties of random graphs
and concentration inequalities in Section 2. The rest of the paper is devoted to the proof of
Theorems 4 and 5 which immediately imply our main Theorem 1. Theorem 4 is proved across
Sections 3 and 4 where the dense and sparse cases are treated respectively. Sections 5 and 6 are
devoted to the dense and sparse cases of Theorem 5. Finally, in Section 7 we present a proof of the
expansion Lemma 16 that asserts that whp for every set, its size remains concentrated after multiple
expansion rounds. This lemma may be of independent interest and useful in other contexts.

Notation. For a graph G, a set of vertices U C V(G), and a non-negative integer r, we denote
by S,(U) the sphere of radius r around U in the graph metric, omitting the dependency on G since
the underlying graph is always clear from the context. That is, S,(U) consists of vertices v such
that the length of a shortest path from v to U equals r. In particular, So(U) = U. We also denote
B, (U) = Ug<i<rSi(r) the ball of radius r around U. We sometimes denote S;(U) by N(U) and
refer to it as the neighbourhood of U. For a set of vertices X and a vertex = ¢ X, we denote
by Nx(x) the number of neighbours of x in X. We also use the standard notation G[U] for the
subgraph of G induced by a set U C V(G), and G[U x V] for the bipartite subgraph with (disjoint)
parts U and V, consisting of all edges of G with one endpoint in U and the other in V.

For a given degree sequence d = (dy, . ..,d,), we will use g(d) to denote the number of graphs
on the vertex set [n] with the degree sequence d.

We often write A LI B to denote the union of two disjoint sets A and B.

Finally, for a random variable X with distribution @, we write X ~ @. In particular, X ~
Bin(n, p) is a binomial random variable with n trials and success probability p.



2 Preliminaries

In this section, we collect some probabilistic tools as well as properties of random regular graphs
that we will use in the main proofs to follow.
2.1 Concentration Inequalities

We will use the following specific instances of Chernoff’s bound — see, for example, [30, Theo-
rem 2.1]. Let X ~ Bin(n,p). Then, for any ¢t > 0 we have

2
2
P(X <EX —t) < exp <_2ézx> . 2)

Remark 6. The same bounds hold for a random variable with the hypergeometric distribution
with parameters N, n, and m (see, for example, [30, Theorem 2.10]).

2.2 Properties of Binomials
Now, let us start with a few auxiliary observations.

Lemma 7. For all positive integers by < a1, by < asg,

a ai az
a1 a9

> )
bo(a—0)"70 = phr(ay — by ) =b1bk2 (ag — by)az—b2

a

where a = a1 + ag and b = by + by.

Proof. Let us fix non-negative integers b; < a1, by < as. Let a = a1 4+ ag and b = by + ba. We start
with the following inequality, which follows immediately from the Vandermonde’s identity: for any

n €N,
na 1/n b najy nas o najy 1/n nas 1/n
() =(Z(0=) =C) G @
nb — k nb—k nby nboy

Using Stirling’s formula (s! = (1 4 o(1))v/27s(s/e)®), the left hand side of (3) can be estimated as

follows:
()" = (=)

= (o)

\/M(na/e)na )1/11
V2mnb(nb/e) - \/2mn(a —b)(n(a — b) je) e

a 1/2n
T bb(a— byt <(1 o))y b))

e (e ()

a(l

bP(a — b)a—b’

—



as n — oo. The right hand side of (3) can be dealt with the same way:

<na1)1/n (na2>1/n . af’ as?
nby nba blil (a1 — by)@ bt bgz (ag — by)a2—b2 ’

as n — oo. This verifies the desired inequality. O

The preceding lemma has a useful corollary, which we record as follows.

Corollary 8 (Anti-concentration of hypergeometric distribution). For integers 0 < by < a1, 0 <

by < as,
GG =) "
() (51) <2 s (5, .

where a = a1 + ao and b = by + ba. In particular, for all integers 0 < b < a and positive integers k,

() <(ats) (o)

Moreover, for all integers 0 < b < a,

() =0/ (5) <2va;)

Proof. Let us fix positive integers by < a1, by < az. Let a = a3 4+ a9 and b = by + bs. The first
inequality is a trivial consequence of Vandermonde’s inequality. We will use the following variant
of the Stirling’s formula that holds for all positive integers s:

s (1)< Vo (2) e (5 ) <ot < vams (2) o (g3 ) < e¥2vams (2

12s +1 12s

and

Using these inequalities and Lemma 7, we get

(al> (2) < e Vmar (/)™
by ) \ by V27by (by/e)bry/2m (a1 — br)((a1 — by)/e)@r—b
61/12\/%(@/6)“2

\/27Tb2(b2/€)b2 \/M((QZ - b2)/€)a2_b2

1/6 \/ a1as ajtay?
27 bi(ar — b1)ba(az — ba)  bbt(ay — by)ar—b1bb2(ay — by)az—bz

el/6 aias a®
S 2 ' \/b1 (a1 — bl)bg(ag — bg) ‘ bb(a — b)afb
el . b(a — b)ajas ' V2ra(a/e)®
 Vor \abi(ar — bi)ba(az — ba)  €1/6y/2mb(b/e)br/2m(a — b)((a — b)/e)ab
S —

2 b(a — b)aiasg a
3 \/abl(m —b1)ba(ag — b2) <b>7



since e!/3/v/21 ~ 0.557 < 2/3, proving (5).
To see that (6) follows, note that for any non-negative integers a < b and positive integer i,

a\ (ia _ 2 (it+1a Y2 /(i +1)a < a 1/2 (t+1a
b/ \ib) — 3 \ bi(a —b) (i+1)b) — \bla—Db) (i+1)b)’
since %\/m < 2v/2/3 2 0.943 < 1. Applying the above inequality k& — 1 times, we get the

desired conclusion.
Finally, for (7), note that

(2a> < et/12, /27 (2a)(2a /)

) = \Jan(@)(2b/e)2m(2la D) (2l — b))

N (=) V2ma(a/e)’ i
a el/6\/2mb(b/e)br/2m(a — b)((a — b) /e)a—b

<4 b(aa—b)_<cbt>2 < 2\/5.@)2,

since €5/ 12, /7 2 2.689 < 4, which completes the proof of the corollary. O

2.3 Counting Graphs

Recall that, we denote the number of graphs on the vertex set [n] with a given degree sequence
d by g(d). The following result gives tight asymptotic bounds on g(d) for any degree sequence
satisfying some mild condition. Dense graphs were investigated in [42] but the result was generalised
to sparser graphs in [38]. The result below states the bound in a slightly different form, which is
more convenient for our purposes. We provide a short proof of this reformulation.

Theorem 9 ([38, 42, 43], rephrased). Letd = (di, ..., d,) be any degree sequence such thaty ;" | d;
is even and for all i € [n], |d; — d| < d"/**¢" for some € > 0, where d is the average degree. Let
m=3>" d = %" be the number of edges, and n = %Z?:l(di —d)?. Suppose that 1 < d <
(1 —eo)n for some eg > 0. Then,

T (")

g(d) - ml/Q((T%))

exp(0(1) — (P /).

Proof. Define A = d/(n — 1), N = (), and note that m = AN. From the overlapping theorems of
[38, 42, 43], we know that

1 772 A 1—\ N ~n—1
~ V2 - —— 1— .
g(d) fexp<4 I = )\)2712) ()\ (1—=X) ) 11 d. (8)
By Stirling’s formula,

(;}Q) ~ (M=) N @2ma = )N) T

provided A(1 — A\)N — oo. The theorem now follows from noting that A(1 — \)n = ©(d) and
A(1 —A)N = ©(m) if X is bounded away from 1. O



We say that a sequence d = (di,...,dy) is balanced if |d; — d;| <1 for any 1 <7 < j <n. The
next observation is that g(d) is maximized (over all sequences with a fixed even sum) when d is
balanced.

Lemma 10. Fiz m € [(Z)] The number of graphs on n vertices and m edges with a specified
degree sequence d = (dy,...,dy) (in particular, Y d; = 2m) is mazimized when the degree sequence
1$ as even as possible. In other words,

max {g(d) : Zdi = 2m} = g(d),

where d is the degree sequence, unique up to order, with only |3 d;/n| and [3 d;i/n].

Proof. Let us fix m € [(;)] For a contradiction, suppose that g(d), the number of graphs on
n vertices with the degree sequence d = (dy,...,d,) satisfying Y d; = 2m, is maximized for a
non-balanced sequence d. Without loss of generality, suppose that d; < dy — 2.

Let d = (d},...,d)) = (d1 + 1,dy — 1,ds,...,d,) with > d, = > d; = 2m. Consider the
following switching: in a graph with the degree sequence d, choose a vertex v such that 1 ~ v and
2 ~ v, remove edge {2,v} and add {1,v} instead (“switch the edges {2,v} and {1,v}”) to get a
graph with the degree sequence d’. Letting g,(d) be the number of graphs where vertices 1 and 2
have exactly x common neighbours, we get

92(d)(d2 — 7) = go(d')(d1 + 1 — 7) < g2(d')(d2 — ),

since di < dy — 2. Indeed, there are ds — x graphs with the degree sequence d’ that can be obtained
from a given graph with the degree sequence d and each graph with the degree sequence d’ can be
obtained from d; + 1 — x graphs with the degree sequence d. It follows that g(d") =" _ g.(d’) >
> - 9xz(d) = g(d), giving us the desired contradiction. O

We also recall the probability bound on the event that a uniformly random graph with a given
degree sequence contains a specified set of edges.

Claim 11 ([41]). Let G, be a uniformly random graph on the vertex set [n] with a fized degree
sequence (di,...,dy). Let H be a graph on the vertex set [n] with degree sequence (d},...,d,) such

that d; < d; for alli € [n]. Let m = 3" d; and m' = 1> d} be the number of edges in G, and H,
respectively. Let d = max{dy,...,d,} = o(m'/?) and let m" < m/2. Then,

Hﬁzl di(di—1>...(di—d/»+1)
P(HC G,) < — . ! .
(H < )_2m(m—2d2)(m—2d2—1)...(m—2d2—m’+l)

We note that Claim 11 immediately implies the following.
Claim 12. Under the assumptions of Claim 11, for all n large enough,

2®Ew|

MHQG@g(n

2.4 Sandwiching Graphs

Consider the binomial random graph G(n,p) which has vertex set [n] and each potential edge is
included independently at random with probability p; p = p(n) could be, and usually is, a function



of n that tends to zero as n — oo. Since the independence of the edges allows the use of a wide
variety of techniques, G(n,p) is typically much easier to study compared to G, 4. As a result,
it is tempting to hope for a general purpose “black box” theorem that is able to translate results
between G(n,p) and G, 4. In 2004, Kim and Vu [33] formalized this desire in their famous “sandwich
conjecture”. After more than 20 years and a number of important contributions [20, 23, 24, 25, 34],
the conjecture was finally proved [12].

Theorem 13 (Theorem 1.1 [12]). For each € > 0 there is some C > 0 such that the following
holds for each d > C'logn. There is a coupling (G, G,G*) of random graphs such that G, ~
G(n,(1—e€)d/n), G~ G,q, G*~G(n,(1+e€)d/n), and whp G, C G C G*.

2.5 Expansion Properties

We will use the expansion properties of random d-regular graphs that follow from their eigenvalues.
The adjacency matrix A = A(G) of a given d-regular graph G on n vertices, is an n x n real
symmetric matrix. Thus, the matrix A has n real eigenvalues which we denote by d = Ay > Ao >
-+« > Ap. It is known that several structural properties of a d-regular graph are reflected in its
spectrum. Since we focus on expansion properties, we are particularly interested in the following
quantity:

A = A(G) := max{| A2, |\n|}.

The number of edges e(A, B) between two sets A and B in a random d-regular graph on n
vertices is expected to be close to d|A||B|/n. (Note that A N B does not have to be empty; in
general, e(A, B) is defined to be the number of edges between A \ B to B plus twice the number
of edges that contain only vertices of AN B.) A small \ (that is, a large spectral gap) implies that
the deviation is small. The following bound is very convenient.

Theorem 14 (Expander Mixing Lemma [3, 35]). Let G be a d-regular graph. Then for any two
sets of vertices A, B C V(G), the number e(A, B) of edges of G with one endpoint in A and another

endpoint in B satisfies
_ d[A]|B]
e(4, B) < AVIA||B].
n

We will apply the Expander Mixing Lemma together with an asymptotic bound on A for random
regular graphs. It was first established by Friedman [21] for constant d > 3, confirming the
conjecture of Alon [2]. The case of d — oo was then conjectured by Vu [49]. After a series of
important contributions [4, 16, 18, 36, 47|, it was resolved for all d = o(n) by Bauerschmidt,
Huang, Knowles, and Yau [11] and Sarid [46], and then for d = ©(n) by He [27].

Theorem 15 ([11, 27, 46]). Let 3 < d < n/2 and G,, ~ Gnq. Then, whp NG,) < (2 +
o(1))y/d(1 —d/n).

We will also require a finer expansion result ensuring that, for every set, its size remains con-
centrated after several rounds of expansion.

Lemma 16. Let ¢ > 0 be small enough and dy € N be large enough (independent of c). Let
do <d <n/2 and Gy ~ Gpq. Then, the following holds whp: for every set U of size u = |U| <
and for every positive integer r such that ud(d —1)"~! < cn,

1S, (U)| > (1 —100c — 41nd/d)ud(d — 1)1

The proof of this lemma is technically involved. To avoid interrupting the flow of the paper, we
present it separately in Section 7.

10



3 Proof of Theorem 4: Dense Case

Here we prove the following.

Theorem 17. Let ¢ € (0,1/2), n'/?*¢ < d = d(n) < n/2, and let G, ~ G 4. Let k € N be an
arbitrary constant. Then, the following holds whp: for every non-trivial partition [n] = V4 UV, of
the vertex set of Gy, after two rounds of CR, there exists a partition [n| = Vi U...U Vi such that
for any i € [k], n/3k <|Vi| <3n/k and V; is a union of some colour classes.

Theorem 17 follows easily from the following two claims.

Claim 18. Let ¢ € (0,1/2), n'/?*¢ < d = d(n) < n/2, and let Gy, ~ Gpq. For every C > 1, the
following property holds whp: for every non-trivial partition [n] = Vi U Va with min{|V1], |[V2|} <
Cn/d, after one round of CR, there exists a partition [n] = Uy U Uz with min{|U,|, |U2|} > Cn/d
such that Uy and Uy are unions of some colour classes (in other words, Uy U Uy is a coarsening of
the partition associated with resulting colour classes).

Claim 19. Let ¢ € (0,1/2), n'/?*¢ < d = d(n) < n/2, and let G, ~ G, 4. For any § € (0,1], there
exists C = C(6) > 0 such that the following property holds whp: for every non-trivial partition
[n] = Vi U Vo with min{|V4],|Va|} > Cn/d, there is no colour class of size more than on after one
round of CR.

Before we prove these two claims, let us show how they imply Theorem 17.

Proof of Theorem 17. Since we aim for the statement that holds whp, we may assume that the
statements in Claim 18 and in Claim 19 hold deterministically. Fix any k£ € N, and let § = 1/(3k).
Let C' = C(6) be the large enough constant implied by Claim 19.

Consider any non-trivial partition [n] = Va3 UV,. If min{|V;[, |V2|} < Cn/d, then after one round
of CR (and coarsening), we get a partition into two colour classes in which one of the colour classes
has size at least Cn/d but at most n/2 (by Claim 18). After another round of CR, all colour classes
have size at most dn = n/(3k) (by Claim 19). If min{|Vi|,|V2|} > Cn/d, then we get the above
property after a single round of CR.

To get the desired partition into k parts, each of size at least n/(3k), one can iteratively merge
any two colour classes of size at most dn until there is at most one such class remaining. After
possibly merging this last class (if it exists) with any other arbitrarily chosen class, we get at least
k = 1/(39) classes (but at most 3k of them), each of size at least on = n/3k but at most 3én.
Finally, if there are more than k classes, one can arbitrarily merge some triples of them (and,
perhaps, one pair) to get exactly k classes, each of size at most 96n = 3n/k. This finishes the proof
of the theorem. O

Claim 18 has a short and easy proof so let us start with it.

Proof of Claim 18. Consider any partition [n] = V U ([n] \ V) with 1 < |V| < Cn/d. After one
round of CR, [n]\ V gets refined into colour classes each of which consists of vertices with the same
number of neighbours in V. For ¢ € {0} UN, let W; C [n] \ V be the set of vertices in [n] \ V with
precisely ¢ neighbours in V.

If V| < n/2d, then we can simply take Uy = |J;»; W; (vertices in [n] \ V with at least one
neighbour in V') and Uy = [n]\ Uy. Trivially, since the graph is d-regular, |U;| < d|V| < d-(n/2d) =
n/2. On the other hand, since d > n'/?*¢ |Uy| > d—|V| > d—n/2d = (1+0(1))d > Cn/d. Hence,
the partition [n] = Uy U U; satisfies the desired property.
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To deal with sets V satisfying n/2d < |V| < Cn/d, we will take Uy = |J,;~, W; for some threshold
value ¢ that will depend on |V|. The value of ¢ will be carefully selected so that U; has size at most
n/2 but at least en for some € > 0. To bound the size of U;, we will use the “sandwich theorem”
(Theorem 13). Let p— = 0.9d/n and py = 1.1d/n. The “sandwich theorem” implies that there
exists a coupling between two copies of the binomial random graph and a random d-regular graph
such that whp G(n,p—) € Gnq € G(n,p4). Since we aim for a statement that holds whp, we may
use this coupling to get the desired bounds.

For a given set V' C [n] of size v with n/2d < v < Cn/d, let X4 be the number of vertices in
[n] \ V in G(n,p) that are adjacent to at least t := 4dv/n vertices in V', noting that X > |Uy].
For a given vertex y € [n] \ V, the number of neighbours of y in V' is Y ~ Bin(v,p;) with the
expectation equal to A = 1.1dv/n = ©(1); note that 0.55 < A < 1.1C. Using (1) we get that

(4/1.1 —1)2 . 3
<1+<4/1.1—1>/3>A) <t

4
as ::P(YZt):]I’)(YZl)i) gexp<—2

On the other hand, since A = (1), Y tends to a Poisson random variable with parameter \ in
distribution. As a result, ¢+ > & for some universal constant £, > 0 and so ¢ = ©(1).

Coming back to Xy, let us note that X ~ Bin(n — v,qy) with EXy = (n —v)gy = (1 +
o(1))ngy+ = O(n) (here is the place where we use the fact that g4 > &4 > 0). It follows immediately
from Chernoff’s bound (1) that

P (X+ >

3) < exp(=6Mm).

By the union bound over

Z (Z) =0 (%) (C(Z;d>0"/d =0 (%) exp (O(nlogd/d)) = exp (O(nl/Q_E log n))

n/2d<v<Cn/d

choices for V', we get the desired universal upper bound of n/2 for all Xy = X (V) in G(n, p4) that
holds whp. Since G, 4 C G(n,p+) whp, this property also holds whp in G, 4 for all Uy = U (V).

A symmetric argument can be used to show a lower bound for |U;|. For a given set V' C [n] of
size v, n/2d < v < Cn/d, let X_ < |U;| be the number of vertices in [n] \ V in G(n,p_) that are
adjacent to at least ¢t = 4dv/n vertices in V. Arguing as before, we get that X_ ~ Bin(n—wv, ¢_) for
some q_ > &_ > 0. Asaresult, EX_ = (n—v)g- = (1+0(1))ng— = ©(n) and we get concentration
with exponentially small failure probability. The union bound over all choices of V' gives us the
desired universal lower bound of, say, n{_/2 > Cn/d for X_ in G(n,p_) for all V' that holds whp.
This finishes the proof of the claim, since G(n,p_) C G, 4 whp so this lower bound also holds whp
in gn’d. ]

The proof of Claim 19 is more complex. Let us start with the following simple observation.

Lemma 20. Let ¢ € (0,1/2), n'/?*¢ < d = d(n) < n/2, and let G,, ~ Gy, q. For any fived § > 0,
the following property holds whp: for any U C [n] of size w = |U| > dn and any V C [n]\ U of size
v =|V| > 500n/dd, the number of edges e(U, V) between U and V satisfies the following bounds

d
0.8uv - —— <e(U,V) < 1.2uv -
n—1

n —

Proof. Let p_ =0.9d/(n—1) and p; = 1.1d/(n—1). The “sandwich theorem” (Theorem 13) implies
that there exists a coupling between two copies of the binomial random graph and a random d-
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regular graph such that whp G(n,p_) C G, 4 C G(n,p4). Since we aim for a statement that holds
whp, we may use this coupling to get the desired bounds.

Fix any U C [n] of size u = |U| > én and any V C [n] \ U of size v = |V| > 500n/dj. In
particular, note that uvd > 500n2. Let X_ be the number of edges between U and V in G(n,p_).
Clearly, X_ ~ Bin(uv,p_) with EX_ = 0.9uvd/(n — 1). It follows immediately from Chernoff’s

bound (2) that
d 0.1 d uvd —9n
< exp|— uv - < exp|— < e
n—1 2-0.9 n—1 250n

By the union bound over at most (2")? choices for U and V, we get the desired lower bound for
e(U,V) (for any pair U, V') in G(n,p_) that holds whp. Since G(n,p_) C G, 4 whp, this property
also holds whp in G, 4.

A symmetric argument can be used to get the desired upper bound. Indeed, if X is the number
of edges between U and V in G(n,p4), then EX, = 1.1uvd/(n — 1) and Chernoff’s bound (1) gives
us that

d 0.12 d uvd
PlX,y>12 . < — . < — .
( = n—1> = eXp( 2(1.1+0.1/3) " n—l) = eXp( 25()n>

The upper bound holds whp for G(n,p;) and so it holds also whp for G, 4 since whp G, 4 C

P <X_ < 0.8uw -

g(n7p+)' O
Remark 21. Lemma 20 also follows from the Expander Mixing Lemma and Theorem 15.
Now, we can move to the proof of Claim 19.

Proof of Claim 19. Fix any § € (0,1] and let C = C(J) be a large enough constant that will be
specified later. In particular, we will assume that C' > 500/§ so that we may apply Lemma 20.

Suppose that there exists a partition [n] = VU ([n]\ V) with Cn/d < |V| < n/2 such that after
one round of CR there exists a colour class U of size more than dn. Note that this implies that
every vertex in U has the same number of neighbours in V' (hence every vertex in U also has the
same number of neighbours in [n] \ V). If U C V, then it will be convenient to concentrate on the
number of neighbours in [n]\V C [n]\U but if U C [n]\ V, then we will concentrate on the number
of neighbours in V' C [n] \ U. Our goal is to estimate the probability of the weaker but necessary
property that there exists a pair of sets (U, V') such that V C [n] \ U, |V| > Cn/d, |U| > dn, and
every vertex in U has the same number of neighbours in V.

Fix V C [n] and U C [n] \ V such that v := |V| > Cn/d and u := |U| > én. Note that, in
particular, v < (1 — d)n. For each non-negative integer k < v, define & (U, V') to be the event that
every vertex in U has exactly k neighbours in V', in which case the number of edges between U
and V is exactly uk. By Lemma 20, since we aim for a statement that holds whp, we may assume
that the number of edges between U and V is at least 0.8uvd/(n — 1) and at most 1.2uvd/(n — 1).
Hence, we may restrict to considering k such that

d
<k < 120
n—1 — - R—

9)

Now, note that the expected number of edges induced by [n] \ V is (") - %. We will show
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that it is highly unlikely that the actual number deviates substantially from it. Let

n—ov d n—uv d
_—0.9< 9 >.n—1 and m+—1.1< 9 >'n—1'

By Theorem 9 and the Stirling’s formula (s! = (14 o(1))v/27s(s/e)®), letting d := (d,...,d) € Z",
the number of d-regular graphs on [n]| can be estimated as follows:

N ( 7 (=) )
9(d) =0 = (At o)/ ggm = - (10)
F<<)> 2md(n—d)  (d)? (n=l=d)

n(n—1)/2 -1

@(1) (n(nfl)/Z

e

(M)dn/Q (M)n(n—l—d)/Z

€ €

o () (=00 =) = (o)

Hence, the probability that the number of edges induced by [n] \ V is at most m_ or at least m 4
can be upper bounded by

CEED ) « COES)
2 CTRP ()
iion s L)
=n®M P <m_orn>my),

where 7 is the hypergeometric random variable with parameters (g), ("5”), and dn/2. Clearly,

8 ()t o

By Chernoff’s bound for the hypergeometric distribution (see, (1), (2), and Remark 6),

P(n <m-— orn>my)=P(|n—En| > 0.1En) = exp (—Q2 (En)) = exp(—Q2(dn)).

Similarly, if |[V/| > n%/%, then the expected number of edges induced by V is (5)- % = O(v3d/n)
and we get that with probability exp(—Q(dv?/n)) = exp(—Q(dn'/?)), the number of edges induced
by V is at mostOQ() 1or at leastll() nil.

It remains to concentrate on the case when the number of edges induced by [n] \ V is at least
m_ but at most m+, that is, when the average degree of the graph induced by [n] \ V is at least
0.9(n—1—w)- %5 but at most 1.1(n — 1 —v) - -%5. Let us first deal with the case when [V| > n3/4
SO we may addltlonally assume that the average degree of the graph induced by V is at least
09(v—1)- - ~4 but at most 1.1(v — 1)

By Theorem 9 and Lemma 10,

1

P(Ex(U,V)) = e~ 4 o= 2dn'?) 4 g <Z h(k, u,v, D)) : (11)

D
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where D denotes the number of edges between V' and [n]\ (V UU), and

v\ U ((n—v—u)v v n—1l—v n—v
h(k,u,v,D) := (k) ( D (”i( /”)(n(f)l) (D+ku)/(n— v)) .
((dv ku— D)/2)(( d(n—v)—ku— D)/Q)g(d)

Indeed, there are at most (})" ways to place edges between U and V, and at most (("WD*“)”) ways

to place edges between V and [n] \ (V UU). (Note that these values are trivial upper bounds but
not the exact ones as some choices create vertices of degree more than d.) It remains to estimate
the number of graphs induced by the set [n] \ V and the number of graphs induced by the set V.
Importantly, once other edges are fixed, these graphs have a fixed degree distribution. In particular,
the average degree of the graphs induced by [n| \ V is precisely f(D) :=d — (D + ku)/(n — v).
Similarly, the average degree of the graphs induced by V is f(D) := d — (D + ku)/v. Hence, we
may use Theorem 9 and Lemma 10 to get upper bounds for the number of such graphs, which in
turn imply (11). (Let us point out that f(D) and f(D) are not necessarily integers. However, to

keep the notation simple, we write ("ﬁ;”) " instead of the product of n — v terms, each of them
being (L 1 D)]}) (?‘);(]-D_)zl))) Finally, since the average degree of the graph induced by [n] \ V' and

the one induced by V' are restricted, D satisfies the requirements

d d

09(n—1-0)- < f(D) <1lln—1-w)-

1 (12)
d

0.9(v — 1) - < f(D) <1l(w-1)- (13)

n—1 n—1

There are three binomials in the numerator of h(k,u,v, D) that are raised to powers that are
functions of n. We need to take advantage of them using Corollary 8 (see (6)). By (12) and recalling
< (1—d)n,

() = Gibeietzon) (i)
 (rwaitirss) (G eTh)

< (53d> e (fz?n_vign—kz B 2) . (14)

Similarly, by (13),
() < ez ™t
v—1)/2
= <o.9 . (vd/yll)f (01(1—) 11 o.5)> <dvvak:; 1—)17)

(2a) o () (15)
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Finally, by (9),

0= () G
(0.8vd/711(—il_ i(11?2 : 0.5)) (ZZ)

() )

For future reference, let us highlight that (15) only holds when v > n3/4, whilst the other two
bounds (14) and (16) hold in general. Substituting in these three bounds, we get

n\%/2 (vu\ [(n—v—u)v\ (3n\v/2 ;1 v(v— 3\ (n—=v)/2 /(n—v)(n—v—
M D)— O (/ ()" @) ("5 ) ()" () ()" <g<nz§ku2>>
((dv—k(vj)—D)/Q) ((d(n—v()—quz—D)/Q)g(d)

Now, by Corollary 8 (see (7)),

h(k,u,v, D)

n\%/2 (vu\ ((n—v—u)v n\v/2 v n—uv)/2 n—v
i </ ()" G (75 )" (i ) G ((d(m<)2k30)/2)) |

g(d)

By Corollary 8 (see (4)), we can collect all binomial coefficients together to get

(@)U/Q( vu+(n—v— u)v-i—(;) (n “) ) (3n)v/2 (i)(nﬂ;)/z
h(k,u,v,D) = O (n7/2 dv ku+D+(dv—ku—D)/2+(d(n—v)—ku—D) /2 5d )

0] (n7/2 (%)U/Q (d(g/)2) (TZ)U/Q (5351)(”11)/2)
g9(d) .

Using (10) we get that

@) () )@ +otymay 2 = (1)) oy

An u/2 In v/2 3 (n—v)/2
_ 772 [ 4N on o n/2
h(k,u,v, D) @) (n (dv) (vd) (5d> (7d)
_ 5 72 4£ u/2 5777/ v/2 g n/2
B " dv v ) '

Now, let h(v) := (dn/v)"/? and note that -2 Llogh =3 1log 2. Hence, h(v) is maximized for v = én/e

and so
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and we get that for any positive integer v,

v/2
(M) < maxh(v) = exp <(;n> < on/?
e

v v

since exp(1/e) ~ 1.445 < 2 and § < 1. Since u > on and v > Cn/d, it follows that
o n7/2 4£ u/2 43 n/2
dv o
n/2
4\° 42 Y

h(k,u,v,D)

provided that C is large enough so that, say, (%)(S . % < 42/1200 = 0.035 < 0.04 = 1/52. Since &
is fixed, this condition can be easily satisfied and we may now finally define the constant C'

4 500
C=0C(0):= max{(é/m()())l/‘;’&}'

We conclude that if [V| > n3/4, then

P(E,(U, V) = e~dn) 4 o=Qdn'/?) | <Z h(k, u, v, D)) =0 (n?5™).
D

3/4 3771)(”*1)/2

Ifv<n vd
of h(k,u,v,D) (see (15)). However, for v < n3/%, this term does not help us much anyway:
(i—g)(%l)/2 = exp(—Q(vlogw)) > exp(—n*/5). Hence, regardless of the size of V,

then, as mentioned earlier, we do not get the term ( in the estimation

P(&(U,V)) =0 (n2 exp(n®/®) 5_”) .
Finally, by the union bound,
P (3k, U,V U, V) <n-2"-2".0 (n2 exp(n?/?) 5—n) = o(1),

which finishes the proof of the theorem. O

4 Proof of Theorem 4: Sparse Case

Sparser graphs clearly require more rounds of CR. Consider any d-regular graph with diameter D
and let u and v be any two vertices at distance D from each other. CR run on the initial partition
Vi = {v} and Vo = [n] \ {v} requires at least D — 1 rounds to converge to a discrete colouring.
Indeed, after D — 2 rounds there are at least two vertices at distance at least D — 1 from v that are
still of the same colour. In this section, we prove the following.

Theorem 22. Let dy be large enough, let dy < d = o(n), and let G, ~ G, 4. Let k € N be an
arbitrary constant. Then, the following holds whp: for every non-trivial partition [n] = V1UVa of the
vertez set of Gy, after at most diam(Gy,)+2 rounds of CR, there ezists a partition [n] = ViU...UVy
such that for any i € [k], n/3k < |Vi| < 3n/k and V; is a union of some colour classes.
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We start from auxiliary anti-concentration results that will be used to prove Theorem 22 in Sec-
tion 4.2.

4.1 Anti-concentration Results

Lemma 23. Let ¢ be a large enough constant, and let dy = do(£) be another large enough constant.
Let dy < d = o(n) and Gy, ~ Gy, 4. Then, the following property holds whp: for every set U of size
[U| € [2£,2] and every non-negative integer s, the number of vertices in [n] \ U that have evactly s
neighbours in U is at most 10n/In¢.

Proof. Set t = 10n/In{. The Expander Mixing Lemma and Theorem 15 imply that whp, for every
set U of size m € [nl/d,n/2] and every set V C [n] \ U of size t,

e the number of edges between U and V is at most min{dm/4, 3td/4},

e the number of edges induced by V is at most 0.01dt,

e the number of edges between U and [n] \ (U U V) is at least md/3,

e the number of edges between [n|\ (U U V) and U UV is at most 2d(n —m — t)/3.

Due to the first bullet point, it suffices to prove the lemma for s such that 10sn/In¢ < dm/4 and
st < 3td/4. Therefore, we fix an integer

. [3d dmIn/
5 € [O,mln{4, 0 H . (17)

We also fix a set U of size m € [%Z, 5] and aset V C [n]\U of size t. Let us estimate the probability
that every vertex from V has exactly s neighbours in U.

Let us order the vertices in V arbitrarily: x1,x2,...,x:. Expose the edges in V. Let d — d; be
the degree of x; in G, [V]. Let V/ C V be the set of all vertices with d; > 0.8d. Due to the second
bullet point above, we may assume that Y d; < 0.02dt and therefore, |V’| > 0.9¢. Denote t' = |V'|.
Without loss of generality we assume that V' = {x1,..., 24}

Let & be the event that every z; from V' has s neighbours in U. Let h;, > d(n —m —t)/6 and
hout > md/3 be integers such that

P(E A {E(Gn[[n] \ (U UV = hin, |E(GnlU x ([0] \ (U UV))]| = how}) is maximum.

Let ¥o be the set of all d-regular graphs G on [n] satisfying £ and such that G[V] = G,[V] and
Gln]\ (UUV)] and G[U x ([n] \ (U UV))] have exactly hj, and heyu edges, respectively. The
following claim completes the proof of Lemma 23.

Claim 24. P(G,, € %o | G,[V]) < ¢7¥/5,

Indeed, by the union bound over U,V and the number of edges in the graphs G[[n] \ (U U V)]
and G[U x ([n] \ (U UV))], we get that probability that there exist sets U,V such that £ holds is
at most

n/2 n\ [n )y 11<0.9¢ en \t
o(1) + (nd)* > <m> <t>z—t 5<T o(1) 4 mt2n (Mg/w)
m=nl/d
In? 10n/In¢
< o(1) + nt2" <£9/50> <o(1) +n'2"% ™" = o(1).
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Proof of Claim 24. Assume the opposite:
P(G, € %) > £/, (18)

Let X be the set of d-regular graphs G on [n] such that there exists a vertex v with at least
dm /¢ edges between N(v) and U. Then, due to Claim 12,

P(G, € X) < n(WCZ’;e) <2nd>md/ﬁ <n <2ffd>md/£ = o(e™). (19)

Fix an integer & such that 6] < ¢°-3. Let $1(d) be the set of d-regular graphs G on [n] such that
e G[V] =Gan[V],
e cach vertex xa,...,xy has exactly s neighbours in U,
e 11 has s+ § neighbours in U, and
e there are h;j, + 0 edges in G[[n] \ (VUU)] and hgy — 0 edges in G[U x ([n] \ (U UV))].
We shall prove that
U =106)] = 2[5/, (20)
<03

Let us first compare sizes of ¥1(1) and ¥y. Take G € ¥y and consider a tuple of vertices (y, u, v)
such that

e yd UUV, ueclU,vgUUV,
e and {z1,y}, {u,v} € E(G), {x1,u},{y,v} ¢ E(G).

If we switch
{xl,y},{u,v}r—> {xl,u},{y,v}, (21)

we get a graph from 31(1). For every G € ¥\ X the number of forward switchings (i.e., tuples
(y,u,v)) equals (di — $)(hout — 1), where p € [0,2dm/¢] since, first, G ¢ X and so the number of
edges between N (y) and U is at most dm/¢, and second, the number of edges that touch N(x;)NU
is at most sd = O(d*>m/n) < dm /¢ due to (17). On the other hand, for every graph G € (1), the
number of backward switchings equals (s + 1)(hin + 1 — v), where v € [0,2d?]. We get

[Z0l(d1 — 8)(hout — 1) — |X N Xo|O(d*n) = [S1(1)|(s + 1) (hin + 1 —v).

In a similar way, we compare the sizes of ¥1(—1) and Xg: For G € ¥, we take a tuple of vertices
(y,u,v) such that

eyclU,u,vgUUV,

e and {LUl, y}7 {U, U} € E(G)a {l‘lv u}7 {ya U} ¢ E(G)7
and switch as in (21). We get

Sols(hin — 1) = [Z1(=D)(d1 = s + 1) (how + 1 — i) — [X N 1 (=1)|0(d?n),

where v/ € [0,2d?], and ' € [0, 2dm/{].
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If (di — s)hout > Ship, then

121(1)]
P

>1-0(1/¢) —O(1/s) — O <d2n- E{O") =1-0(1/f) — O(1/s)

due to (19) and the assumption (18) and the lower bounds on hyy and hj,. Otherwise,
= s 1 -0(1/0). (22)

First we assume (d; — 8)hout > shin. If 5 < €97, then (di — 8)hous = Q(03shsy,) since hoyr =
O(md) and h;, = O(dn). We conclude that |21(1)|/|Z0] = Q(¢%3) > (%2 completing the proof
of (20).

Let s > (07, For 6 = 1,...,¢93—1, we define a switching operation that maps ¥1(8) to $1(5+1)
in exactly the same way. We get

Z1(8)(d1 = 5 = 8) (hout — 6 — pi5) — | X N T1(8)|O(d*n) = [S1(8 4+ 1)|(5 + 6 + 1) (hin + 146 — v5),

for some v € [0,2d?%] and s € [0,2dm/¢]. We then get

by 1
EO£Dy _ o@/s)— 0010 = 1 — 05007,
1X1(0)]
implying
6 . o+1
(6 + D) [E:(D)] 121(j + 1) 1007 27,07 —0.1
= . : > 1-03{/")=1—-0(0°/"")Y=1—-0""").
S s Wm0 o6en) = 1= 0wt =1 -0
Consequently, we can deduce
ZOAS
U Zi0)] = | Z16)| = (1 = 0" )0 |S0| > 03[,
|5]<e0-3 5=1

as needed.
Now, let (d1 — 8)hout < Shin. In particular, s = Q(£). Recall (22). Similarly, for 6 = 1,...,¢%3 —
1, we define a switching operation that maps 31(—0) to 31(—0 — 1) and get

[1(=8)|(5—0) (hin —6—v5) = [S1(=8—1)|(d1 — 5+0+1) (hout + 148 — ) — | ¥ NT1 (=0~ 1)|O(d*n),

for some v} € [0,2d?] and pf € [0,2dm/{]. We then get

|E|12(1_(5—;)I1)| >1—-0(5/s)—O(1/0) =1 —0(5/0),
implying .
’21(‘_2‘50‘_ DS T - 06/0) =1 - 082 /0) = 1 — 0(¢~04),
j=1
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Finally, this gives

¢0-3

U Z10)| = [ 1(=0)| > (1= O ")) 50| > €075,
5=1

§]<0-3

as needed.
Let 1 := {Jj5<0.3 21(6). We now define sets ¥z, X3, ..., Xy as follows: for [d] < 093 let 3;(6)
be the set of d-regular graphs G on [n] such that

o GlV] = Gy[V],

e each vertex z;y1,...,xy has exactly s neighbours in U,
e z; has s 4+ d neighbours in U,

e for every j € [i — 1], |[Ny(z;) — s| < €93,

o there are hin+Y ' (| Nu(z;)|—s)+3 edges in G[[n]\(UUV)] and how — >} (| Ny (25)|— ) =5
edges in G[U x ([n]\ (UUV))].

Let X := {Jj5j<0.5 Xi(0). The proof that |Ziy] > ¢9-2|5;| is identical to that of (20) since

i—1
S (Ny(ay)| = 8) < 03 = O(hout /(10 0)),

j=1
and so it does not contribute significantly to vs, u5, 5, and 5. Therefore,
Zo| < 7025 < 704, <L < 070 sy
— a contradiction which completes the proof of the claim. ]
The proof of the claim was the last piece of the puzzle in establishing the lemma. O

Lemma 25. Let ¢ be a large enough constant, and let dy = do(€) be another large enough constant.
Let dy < d = o(n) and Gy, ~ Gy 4. Then, the following property holds whp: for every set U of size
\U| € [24, %] and every integer s such that 1 < s < {, there are at most 0.999n vertices that have
exactly s neighbours in U.

Proof. Let ¢ = 0.001. Let £ be the event that, for any disjoint sets V' and W of size n/4 and
en, respectively, the number of edges in V' U W that touch V is at most dn/30. By the Expander
Mixing Lemma and Theorem 15 the event £ holds whp.

Fix a set U of size m € [53, %"] and a set V = {z1,...,2:} C [n] \ U of size n(1 — ). Divide
V = V' U V" where V' consists of the first n/4 vertices. Expose edges inside V’ and between
V' and [n] \ (U U V) and assume that E := E(G,[V']) U E(G,[V' x ([n] \ (U UV))]) has size at
most dn/30. Let V' C V' be the set of vertices that belong to at most d/2 edges in E. Clearly,
|V'| > n/12. Without loss of generality, we assume V' = {z1,...,zy}, where ¢ > n/12. Note that
each z;, i € [t'], has at least d/2 — s neighbours in V".

Let ¥p be the set of d-regular graphs G on [n] such that

E(GVNUE(GV' x (n]\(UUV))]) = E (23)
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and each vertex in V' has exactly s neighbours in U. Let »; be the set of d-regular graphs G on
[n] such that (23) is satisfied and

e cach vertex o, ..., z; has exactly s neighbours in U, except for some x; € V", whereas z; has
s — 1 neigbhours in U,

e 1 has s+ 1 neighbours in U.

We shall prove that |X1] > |Xg|/3. Take G € ¥y and consider a tuple of vertices (y, u,v) such that
eyc V" uelU,veV’,
e and {z1,y}, {u,v} € E(G), {z1,u},{y,v} ¢ E(G).

If we switch
{mlay}v{uvv} = {xl’u}’{yvv}a (24)

we get a graph from ;. For every G € Xy the number of forward switchings is at least (d/2 —
s)(((3/4—¢e)n —d)s — sd): there are at least d/2 — s choices of y, at least (3/4 —)n — d choices of
v € V" that is not adjacent to y, and, therefore, at least ((3/4 —e)n —d)s choices of the edge {u, v}
where v € U. It then remains to subtract at most sd edges {u,v} where u € U is a neighbour
of 1. On the other hand, for every graph G € %1, the number of backward switchings is at most
(s +1)(3n/4)d, with a room for improvement since the choice of v = z; is actually unique. We get

1Z0l(d/2 — $)((3/4 — £)n — d)s — sd) < [S4](s + 1) (3n/4)d

implying |X1| > |X0|/3, as desired.
We now let 3o be the set of d-regular graphs G on [n] such that (23) is satisfied and

e cach vertex x3,...,z; has exactly s neighbours in U, except for some z;,,z;, € V" that have
s — 1 neighbours in U,

o [Ny(z1)| € [s,5+ 1],
e 19 has s+ 1 neighbours in U.
Take G € ¥y U X and consider a tuple of vertices (y,u,v) such that
e yc V" weU,veV” and |Ny(v)| =s,
o {x2,y},{u,v} € E(G), {x2,u},{y,v} ¢ E(G).

If we switch as in (24) with x9 instead of z;, then we get a graph from 9. As above, for every
G € ¥pU%; the number of forward switchings is at least (d/2—s)(((3/4—e)n—d—1)s—sd). On the
other hand, for every graph G € X1, the number of backward switchings is at most (s + 1)(3n/4)d,
as above. We get

S0 USH|(d/2 — s)(((3/4 — €)n —d — 1)s — sd) < |Sa|(s + 1)(3n/4)d

implying |Xa| > [0 U X1|/3, as well.
Similarly, we define ¥s,...,3, /15. For the i-th set ¥;, we get that

S0 U...USi1](d/2 — $)(((3/4 — &)n —d — (i — 1))s — sd) < |Si|(s + 1)(3n/4)d,
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implying |3;| > [¥o U ... U X;_1]/3 for all « > 1. It is easy to see by induction that |¥;| >
(4/3)771%0|/3 for all i > 1. Thus, we get

135/12] > (4/3)"1271 5| /3,
implying
P(Gy, € X | E(Go[V']) U E(Gp[V' x ([n]\ (UUV))]) = E) < 4-(4/3)7"/12.

Denote E,(U,V) := E(G,[V']) U E(G,[V' x ([n] \ (U UV))]). The union bound over U and V'
gives us that

P(=E) + <”>( " > Y P(Gn€%0|Eu(U,V)=E)-BE,(U.V) = E)

en) \Un/d
E:|E|<dn/15

— 0(1) + e(s1n(e/€)+od(1))n(4/3)7n/12 _ 0(1)7

which completes the proof of the lemma. O

4.2 Proof of Theorem 22
With Lemmas 16, 23 and 25 at hand, we can easily prove Theorem 22.

Proof of Theorem 22. Fix a large enough® k € N, and let £ = €3%%, so that the conclusions of Lem-
mas 23 and 25 hold. Let ¢ > 0 be a small enough constant as in Lemma 16. Let dyp = dop(¢) be a
large enough constant as in Lemmas 16, 23 and 25. Moreover, we will adjust constants ¢ or dp, if
needed, for some of the claims below to hold. Since we aim for the statement that holds whp, we
may assume that the statements in Lemmas 16, 23 and 25 hold deterministically.

Consider any non-trivial partition [n] = Vi U Va. Our goal is to show that after at most
diam(Gy,) + 2 many rounds of CR, we get a partition into colour classes in which all colour classes
have size at most n/3k. To get the desired partition into k parts, each of size at least n/3k but at
most 3n/k, one can iteratively merge colour classes as we did in the proof of Theorem 17.

Let v = min{|V4],|V2|} and let U be a colour class of size u. Suppose first that u < cn/d. Let
r be the largest integer such that ud(d — 1)"~! < en. We may adjust ¢ and d, if needed, to make
sure that 1 — 100¢ — 4Ind/d > 1/2, which, in particular, implies that ¢ < 1/200. It follows from

Lemma 23 that
cn

2d’

and clearly |S.(U)| < ud(d — 1)""1 < en < n/2. After r < diam(G,,) — 1 rounds of CR, S,(U) is a
union of some colour classes. We may marge them together at this point and continue the process
from there.

Suppose now that U is a colour class of size u = |U| € [5], 55]. Let U’ be an arbitrary subset
of U of size §5. On the one hand, trivially, [S1(U)| < d|U| < n/2. On the other hand, it follows
from Lemma 23 that [S1(U’)| > |U’|d/2 = c¢n/4 which implies that |S1(U)| > |S1(U")| — |U| >
en/4 —n/(2d) > nl/d, provided that d is large enough. Since S;(U) is a union of some colour
classes, we may merge them into one large colour class and continue from there.

1S, (U)| > (1 —100¢ — 41nd/d)ud(d — 1)""* >

Suppose this time that U is a colour class of size u = |U| € [gg, %g]. We may adjust d, if
needed, to make sure u < %[ < 2(611)‘ After one round of CR, [n] \ U is partitioned into sets W;

5Clearly, if the statement of the theorem is true for large k, then it is also true for all k.
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(i € NU{0}); set W; consists of vertices with exactly i neighbours in U. Let A = J;., W; and let
B = U;s¢y1 Wi- Clearly, [U| + |A| + |B| = n. Note that, on the one hand, the number of edges
between U and its complement is at least |B|(£ 4+ 1). On the other hand, it is trivially at most

|U|d < nf. We conclude that
14 1
Bl<——n=(1-—0
Bl < 7o ( £+1>n’

n n
Al=n—|B—U > _4>_"
Al =n=1B]=|Ul 2 55 Y=L

Our goal is to show that one can always merge some sets W; together to get a colour class of
size at most n/2 but at least which is at least %Z, provided that d is large enough. To that

and so

n
2(0+1)°
end, we will consider a few caées. )If |A| < n/2, then we can simply take the entire set A for the
desired colour class. If |A| > n/2 but |A| < (1 —1/(¢+ 1))n, then we may take the entire set B
since |B|=n—|A| = |U| >n/({+1) —u>n/(2({+ 1)) and, trivially, |B| =n — |A| — |U| < n/2.

It remains to concentrate on the case when |A| > (1—1/(¢+41))n. Suppose first that |W;| > n/2
for some 0 < ¢ < £. Tt follows from Lemma 25 that [W;| < 0.999n. Then, we can take A\ W; for
the desired colour class since, trivially, |A\ W;| < n — |W;| < n/2 and

n nt

A\W;| > |A| — [W;| > 0.001n — —— > —
|A\ Wil > |A] — [W;] > 0.001n T2

d )

provided that d is large enough. If n/4 < |W;| < n/2 for some 0 < i < /¢, then we may simply take
W; as our colour class. Suppose then that |W;| < n/4 for all 0 < i < ¢. Then, we may start with
set A and remove W;’s, one by one, and at some point we get a set of size at most n/2 but at least
n/4.

Finally, suppose that U is a colour class of size u = |U| € [%Z, 5]. It follows immediately from
Lemma 23 that after one round of CR, the complement of U is partitioned into sets of size at
most 10n/In¢ = n/3k. We can group some of them together to get a colour class of size at least
n/3k > nt/d but at most 2n/3k < n/2 to make sure that after one more round U is also partitioned
into sets of size at most n/3k. This completes the proof of the theorem. ]

5 Proof of Theorem 5: Dense Case
Here, we prove the following.

Theorem 26. Let € > 0, let nl/2te < g < n/2, and let G, ~ Gn,a- There exists some universal
large constant k € N such that the following holds whp: for every partition [n] = Vi U ... U Vy of
the vertex set of Gy, such that for any i € [k], n/3k < |V;| < 3n/k, after three rounds of CR, there
are only singleton colour classes.

We start from an auxiliary lemma.

Lemma 27. Let ¢ > 0, n=/?t¢ < d = d(n) < n/2, and let G,, ~ Gn,d. For every pair of vertices
u,v € [n], let My, C N(u) and M, ,, C N(v) \ N(u) be sets of size [n/(20d)] chosen uniformly at
random. Then the following events hold whp for any pair of vertices u,v in Gy:

1. |[N(u) N N(v)| < 2d/3;
2. |N(u,v)| < 4n/5;
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3. [N(M,, )\ (N({u,v}) UN(Myy))| > n/25 whenever d < n/20.

Proof. Let p_ = 0.9d/(n — 1) and p; = 1.1d/(n — 1). Theorem 13 implies that there exists a
coupling between two copies of the binomial random graph and a random d-regular graph such
that whp G(n,p—) € G, 4 € G(n,p+). Since we aim for a statement that holds whp, we may use
this coupling to obtain the first two bounds. It is sufficient to show that for a fixed pair of vertices
u,v any of the first two events from the assertion of the claim fails in both G(n,p_) and G(n,p4)
with probability o(n?).

First we consider the probability that N(u) N N(v) is large. In both binomial random graphs
the number of shared neighbours is dominated by Bin(n — 1,p%). Since (n — 1)p2 < 0.61d, the
Chernoff bound (1) implies that |N(u) NN (v)| > 2d/3 in G(n, p;+) with probability exp(—Q(d?/n)).

Similarly N(u)UN (v) is dominated by Bin(n —1,2p4 (1 —p4/2)). Since 2(n—1)p+(1—p4/2) <
0.798n, the Chernoff bound (1) implies that |[N(u) U N(v)| > 4n/5 in G(n,p4+) with probability
exp(—(d)).

Next, let d < n/20. By the same argument, we get that whp every pair of vertices has at most
1.2d2

=22 common neighbours. Therefore,

VL V() UN )] > [5] (= (55 +1)

25’

1.2d2) n
>
n

which finishes the proof of the lemma. O

Proof of Theorem 26. Due to the Expander Mixing Lemma and Theorem 15, whp between any set
N of size Q(d) and any set W of size Q(n), there are (1 + 0(1))|N||W|% edges. We denote the
intersection of this event with the event from the assertion of Lemma 27 by £.

Suppose that & is as large as needed, and fix any partition [n] = V3 U ... UV, such that each
part has size in the range [n/3k,3n/k] as in the statement of the theorem. For each i € [k], define
d; : [n] = Z so that d;(w) = |V; N N(w)|. Finally, for each vertex u € [n], we interpret ¢;(u) as the
colour of u after ¢ rounds of CR. For our goal, it suffices to show that whp no two vertices have the
same value of c3(+).

We proceed as follows. Fix a pair of vertices u,v € [n] and expose the neighbourhoods of
u and v. Note that c3(u) = c3(v) if and only if there exists a bijection b : N(v) +— N(u) such
that for any w € N(v) we have co(b(w)) = co(w). Fix such a bijection (in d! ways). Define
N':= N(v)\ (N(u) U{u}). Choose arbitrarily a set M’ C N’ of |n/(20d)]| vertices from N’, and
let M =b"1(M') C N(U). Expose all edges that touch M U N’. Let

M = N'UNM')\ (N(u)UN(M) U {u,v}).

We extend the bijection b to an injection b: N(V) U N(M) — N(U)U N(M') such that, for every
w € M and every w' € N(w), we get c1(b(w')) = ¢1(w’) and b(w') € N(b(w)). The number of ways
to define such an extension is at most (d!)™/207.

Let W := [n]\ {u,v}UN(u)UN (v)UN(M)UN(M')), and W; := WNV,. After exposing every
edge except those between M and W, we can determine the values of d;(w) for every w € N(M)
(as every neighbour of every vertex in N (M) has been exposed). Therefore, the injection b also
identifies d;(w) for every i € [k] and every w € M”. Let S denote the number of pairs (i, w) with
1 <i<kand we M such that |W;| > n/(30k) and |W;|d/(2n) < |N(w) N W;| < 3|W;|d/(2n).
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The number of ways to choose the remaining neighbours of the vertices in M” is

1L (1)< (%) (42,

where m is the number of exposed edges. Indeed for any positive integers a1, as, b1, by with by > by
and b; < 3a;/4 for i = 1,2 we have by Corollary 8 that

<a1> <a2> < 2 (b1 + b2)(a1 + az)aias <a1 + az)
b1 by) — 3 (a1 +’a2)b1(a1‘4’b1)b2(&2‘4’b2) b1 + by
< b1 + ba <a1+a2> <4<a1+a2)
b1bgy b1 + by _\/E b1 + ba ’
Let us show that the event £ implies S > kn/1100. Indeed, this event implies that |W| > n/5
(if d > n/20, then W = [n]\ (N({u,v})U{u,v}) and has size at least n/5 by the second assertion of
Lemma 27; if d < n/20, then |[W| > n—2d—2(n/(20d))d > n/5). Therefore, there are at least n/6
vertices in the union of W; such that |W;| > n/(30k). Thus, there are at least (n/6)/(3n/k) = k/18
such W;. Fix such a W;. Since £ holds, any subset N C M” of size Q(n) sends (1 & o(1))|N||W;]
edges to W;. Moreover, |[M"| > n/60. Indeed, if d > n/20, then M” = N’ which has size at
least d/3 > n/60 by the first assertion of Lemma 27; if d < n/20, then |M"| > n/25 by the third
assertion. The event £ also implies that number of vertices in M” that have less than |Wz|% or
more than [W;|32 edges in W, is o(n). So, indeed S > (1 — o(1))(k/18)(n/60) > kn/1100.

Using (10) and letting g(d) = (d,...,d) € Z", the probability that there exists u,v € [n] and a
partition Vj U ... U Vj such that ¢(u) = ¢(v) is then at most

dn/2

P(~€) + )22’%' > > Z( 'N/HW‘) (96;%)5/2 (d://QHJ_V?Lz)

N'C[n] WC[n]\N’ m=0
960k kn /2200

when k is sufficiently large. This completes the proof of Theorem 26. O

6 Proof of Theorem 5: Sparse Case

Here we prove the following.

Theorem 28. There exists a universal constant k such that the following holds. Let dy = dy(k)
be large enough, let dy < d < n'%'7, and let G, ~ Gn,d. Then whp: for every partition [n] =
Vil...UVy of the vertex set of Gy, such that for any i € [k], n/3k < |V;| < 3n/k, after diam(G,,)+1
rounds of CR, there are only singleton colour classes.

We will use two direct corollaries of Lemma 16 from Section 4 in this proof. We first state these
in Section 6.1, and then prove Theorem 28 in Section 6.2.

6.1 Sizes of Balls

As in Lemma 16, let ¢ > 0 be small enough and dy be large enough. Let dy < d = o(n) and let
G, ~ Gy 4. The following two lemmas are direct corollaries of Lemma 16.
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Lemma 29. Whp, for every r such that d(d — 1)"~! < en, the following holds

e for every verter u,
4Ind

15, (u)] > (1 ~ 100e - )d(d_ .

e for every pair of vertices u # v,

15,(0) \ Be(w)] > 15, ({u, v})] — | B ()] > (1 —200e - 0 diQ) d(d—1)".

Proof. The first assertion is just Lemma 16 applied with a singleton U = {u}. The second follows
from |U] = 2 in Lemma 16 together with the basic bound |B,(u)| <>, 5 d(d — 1)t O

Lemma 30. Whp

o for every set U of size %, there are at least (1 — 4Ind/d — 100c)cn wvertices that have a

neighbour in U;

o for any two disjoint sets U,V of size cn/d, the number of vertices that have neighbours both
in U and in' 'V is at most |[N(U)|/10.

Proof. The first assertion follows immediately from Lemma 16 applied with » = 1. The second
assertion follows as well since whp for any two disjoint sets U and V', the number of vertices that
have neighbours in both sets is at most

IN(U)|+ [N(V)| = |IN(UUV)| <2d(cn/d) — (1 —41Ind/d — 100c)2cn
= (4Ind/d + 100c)2cn

1
< 1—0(1 —4Ind/d —100c)en < |N(U)|/10.
This finishes the proof of the lemma. O

6.2 Colour Refinement Run on a Vertex-coloured Random Graph

Let d be large enough. In what follows we assume that properties from Lemma 29 and Lemma 30
hold in G,, deterministically.

Fix a partition [n] = Vi U... UV} as in the statement of the theorem. Assign to every vertex x
the colour Cp(x) that equals the index of the set V; to which x belongs. Let D be the diameter of
G,,. Consider the output C; of £ := D + 1 rounds of CR at the coloured graph. We want to prove
that C'(u) # C(v) for any two different vertices u,v € [n].

Fix two vertices u # v. Assume Cy(u) = Ci(v). Then, for every neighbour x of v, there exists
a neighbour y of u such that Cy_1(z) = C;—1(y). More generally, we have the following.

Claim 31. Let r € [t]. For every vertex a and every vertex b such that Ci_,(a) = Cy—.(b), and
every neighbour x of a, there exists a neighbour y or b such that Ci—,—1(x) = Ci—r—1(y).

Let r = [log,_;(en)|, where € > 0 is a small enough constant. Due to the property from the
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conclusion of Lemma 29, we have that
S\ B0 2 (1= - 55— o — 0 dla -1

d 4 1 2 €
-2 L £
~ (d—1)25”< d"d—1 Iun 0(5)> “ g "

Due to Claim 31, for every vertex x € Sy(u)\ B (v), there exists a vertex f(z) € Bi(v) such that
Ci—1(z) = Ci—1(f(z)). Next, for every vertex x € Sa(u) \ Bz2(v), let w(z) € Si(u) \ Bi(v) be one
of its “parents”. We have that Ci_i(m(x)) = Ci—1(f(mw(x)). Therefore, by Claim 31, there exists
f(z) € N(f(w(z))) C B2(v) such that Cy_s(x) = Cy—o(f(x)). We then define f : B.(u) \ Br(v) —
B, (v) by induction: for every 2 < ¢ < r, assuming that f has been defined on B;_1(u)\ B;—1(v), and
for every = € S;(u) \ B;(v), find its “parent” m(x) € S;—1(u) \ Bi—1(v) and take f(z) € N(f(w(x))
such that Ci_;(x) = Ci—i(f(x)).

Take U C Sy(u) \ By(v) of size §5 and let U’ := f(U) C B,(v). We have |U’| < |U|. Without
loss of generality, we assume |U’| = |U| (otherwise, we can extend U’ arbitrarily to keep the two
sets disjoint, and the argument below will still work). Note that B,(u) = By—1(u) U N(Sr-1(u)),
that

< _ 7‘—2 < . 2
[Sr—1(u)] <d(d—1)"*< (d_1)25n<115d,

and that U and S,_; are disjoint. The same facts hold for B,(v). In particular,

n

|Sr—1(u) U Sr—1(v)| < 35d

Therefore, by the conclusion of Lemma 30, we have that

IN(U)\ (N(U') U Br () U By (v))| > [N(U)| = %\N(U)I = |Br1(u)| = [Br-1(v)]

6 1 d 1
den
18- e n - 22— d-en.
> 0.18-¢en (d—2)(d—1)>0 En

Let N be a subset of N(U) \ (N(U’) U B,(u) U B,(v)) of size en/10.
We then extend f to N: Each vertex z € N has f(z) € N(U’). Note that the set

X :=[n]\ (By(u)UB.(v) UN U f(N))

has size at least

En

- 2d

n—2d(d—1)""" (2d) > n — 2 e-n—e-n>n(l—4e).

d
d—1
The set X is partitioned into k sets X = V{ U... UV so that n(z= —¢) < [V/| < n- 2.

Due to Claim 12, whp any set of size at most en/3 induces at most ﬁsdn edges:

En

(o) G ()™ = () )™ <ot
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since d is large and ¢ is small enough. In particular, we may assume that there there are at most
igEdn edges between N and N U f(N)UU. Since N does not have any other neighbours in
B, (u) U B,(v), we get that there exists a subset Ny C N of size £ such that each vertex in this
set sends at least %d edges to X.

Note that, for any vertex = € Ny, the equality Ci_,_i(z) = Ci—r—1(f(z)) implies Cy(z) =
C1(f(x)). Therefore, as soon as the sets B,(u), Br(v) are exposed, the set U is chosen, the sets
N(U),NU"),N(N(U")) are exposed, and the set Nj is chosen, there should exist a function f
defined as above, that identifies the values of |NV]_/ (x)| for every x € Ny and j € [k].

Therefore, we run the following exploration process of the random graph. First, we expose
By(u), B;(v) and then choose U C Sy(u) \ B;(v) of size §; arbitrarily. We then expose N(U),
N(U"), and N(N(U")). We choose f on (B,(u)\ B,(v)) UN in at most d**" ways, since

n< d +5n<2
2_d_26n 5 en.

[(Bo()\ B (0)) UNT < B, ()] + INW)] < 79 (d— 1) +

Finally, we choose any set Ny C N of size =5 such that each vertex in this set sends at least %d
edges to X.

By the Expander Mixing Lemma and Theorem 15, whp between any two disjoint sets of size at
least n/(4k) and n/2, there are at least dn/(10k) edges, and every set of size at least n/2 induces
at least dn/10 edges.

Recall that every x € Ny has a prescribed number of neighbours g;(z) in the set V. By the
Expander Mixing Lemma and Theorem 15, whp the number of edges between any two disjoint sets
U and V of sizes ©(n) equals |U||[V|d(1 £ €)/n. Therefore, for every set V/, there exists a subset
N} C N of size en/100 such that every = € Nj has

g;(x) € [d/(10k), 10d/K].

Let us estimate the probability that for every j € [k], every Vertex from ]\/J’ has g;(x) neighbours
in VJ. For every j, we order arbitrarily the vertices in N7: 21, ..., ], where

t = en/100.

Let £ be the event that, for every j € [k], every :Ef has g](xg) neighbours in V;. Let hgn > dn/10

and h! , > dn/(10k) be integers such that
k
P /\ {IE@a[X \ V]Il = b, |E(G[V] % (X \ V)] = Iy} | is mascimuum.

Let ¥ be the set of all d-regular graphs G on [n] satisfying & and such that, for all j € [k], G[X\V]]
and G [V}’ X (X\ Vj’ )] have exactly hgn and hgut edges, respectively®. The following claim completes
the proof of Lemma 23.

Claim 32. P(G,, € %) < (k/d)"/5%0,

5Sets X and V, depend on G: given a graph G, we expose the balls around u and v, which identify these sets.

In what follows, we will perform switching operations on GG that preserve the exposed balls and, therefore, sets X
and V.
i
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Indeed, Claim 32 implies that P(€) < (dn)?*(k/d)*™*/500, Therefore, by the union bound
P(Ct(u) — Ct(U)) < d25n(dn)2k(k/d)enk/500 — e—Q(kn)

when k is large enough and d > k. The union bound over the choice of partition Vi U...U V; and
over all pairs of distinct vertices u, v completes the proof of Theorem 28.

The proof of Claim 32 can basically be obtained by copying the proof of Claim 24 verbatim.
Nevertheless, we present the proof below in nearly complete detail.

Proof of Claim 32. Assume the opposite: P(G,, € X¢) > (k/d)e™/5%. Let X be the set of d-regular
graphs G on [n] such that there exists a vertex x and a set V of size n/(3k) with at least n(d/k)%3
edges between N(x) and V. Then, due to Claim 12,

P(G,p € X) < n(n/é@) (n(gjﬁ/)];?)) <2:>n(d/k)o.3

since d < n1%17 and k is large enough. ‘
In the same way as in the proof of Claim 24, we define sets ), j € [k], £ € [t]: for 6] < (d/k)°3,

we define ZZ((S) as the set of d-regular graphs G on [n] such that

e for every i > j + 1, each vertex x € N/ has exactly g;(x) neighbours in V/,

for every £+ 1 <1 < t, the vertex xf has exactly g; (:UZ ) neighbours in Vj’ ,
o xz has g; (:c%) + 0 neighbours in V7,

e for every ¢ > j — 1, the number of neighbours of every vertex € N in V; satisfies [Ny (z) —
gi(x)| < (d/k)"%;
e for every i € [¢ — 1], |ij,(xg') — g;i(a])| < (d/k)03,

e for every i € [k], the number of edges in G[X \ V/] and G[V/ x (X \ V/)], denoted by k¢, (j,£)
and hi ,(j,), respectively, satisfy:

[lin (£:5) = b < (@/R)"3(G = D+ 0, [Bour(6,5) = Bowa] < (@/R)*3((G = Dt +0).

Set E; = Ujsi<(a/myos Eg(é). The crucial observation is that, at every step, the bound on the
difference of the number of edges in X \ V/ and V/ x (X \ V/) with A and h!

out 18 at most

@/ %%t = O (min{h 1, K17/
J
In order to get a contradiction with our initial assumption, we prove that
o [0l < (d/k)7"?|Z],
e for every j € [k] and £ € [t — 1], ]Z}z\ < (d/k)*0'2|2§+1|,

e for every j € [k — 1], |Ei’ < (d/k)_0'2|2{+1|-
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We prove this using switchings. For instance, in order to prove |EZ| < (d/ k)_O'QIZ% 411, we take
G e EK+1(5) and consider a tuple of vertices (y,u,v) such that

oy%%’,uGV}-’,U%V’

o and {a), |y}, {u,v} € B(G), {2}y, u}, {y,v} ¢ E(G).

If we switch ' 4
{xi_t,_la y}7 {U, U} — {x%+1) U}, {y7 U}v (26)

we get a graph from 2”1(5 +1). It gives
15010 - (INx (@,)| = (g5(2741) +8)) - (W + O((d/R)**kt)) — |X N T, ,(6)|O(d%n)
=2, 0+ )| (gj(x), ) + 6 +1) - (h], £ O(d/k)*3kt + d)).
In a similar way, we apply the switching operation (26) to G € ¥ +1(5) and get a graph from
Z;_H(é 1), where
L4 ye‘/jj,? U,Ug%ﬂ
o and {z},,y},{u,v} € B(G), {x],,,u},{y,v} ¢ E(G).
We get
127101 - (g5 () +0) - (], = O((d/k)*kt + %))
= |5 1 (6=D|- (INx (@) )= (g (27, 1) +5=1))- (B, £O((d/R)**kt)) —| XNy, (—1)|O(d*n).

T (N ()] = 05 s > 95y )y then B2 8000 1 0107/097), ianplying
£4+1
[ZE /127 > (1= Ok /) W™ (k) > (d/k)"2. (27)
: |E%+1(5*1)‘ 1.7 /,40.7\ : . :
Otherwise, RENGE > 1—O(k""/d”"), implying (27), as well. The proof of Claim 32 is now
complete. 4 ]

7 Proof of Lemma 16

Let us fix U C [n] of size u = [U| < 9. (We may assume that d < cn as the statement is vacuously
true otherwise.) Let ¢ > ¢ := ud/n. For i > 1, denote

2Ind

g = 2@ 5ic1 d

+50¢ (d — 1)1,

We start from the following claim.

Claim 33. For every positive integer v such that ud(d — 1)"~1 < en,

r / i1 €id(d—1)
IP’<|57~(U)| > (1 - 3Ind/d — 100c)ud(d — 1)r—1> >1-% <2ec(d—1)1>

Py
i=1 v
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Proof. Fix a positive integer r such that d(d — 1)""'u < cn. Assuming that all the edges in
B,_1(U) \ E(G,[Sr—1(U)]) have been explored, let as explore the next layer S,(U). For i <r, let
SHU) be the set of vertices in S;(U) that have degree 1 in B;(U) \ E(G,[S;(U)]).

We assume, by induction, that

r—1
1S L(U)] > d(d—1)"2u (1 - 225,)
=1

whenever r > 2 (if » = 1, we do not impose any assumption). Enumerate the vertices so that
S ,(U) = {x1,x2,...}. We order arbitrarily the edges that we have to explore from z;’s outside
of B,_1(U). Assume that we have exposed all adjacencies for z1,...,x;_1, and the first £ —1 edges
of z;. Let S" C S,(U) be the set of neighbours of {z1,...,z;} outside of B,_1(U) that have been
explored so far.

Let us show that the /-th edge {x;,v} touches S’US,_1(U) with probability at most 2¢/(d—1)""1,
which can be done using switchings. Consider the family of d-regular graphs on the vertex set [n]
that contain the explored edges. We partition this family into two subfamilies, ¥y and ¥;. In X
the (-th edge {z;,v} does not touch S’ U S,_;(U) whereas in X; it does. For every G € ¥; (with
the ¢-th edge {z;,v} identified) and any pair of vertices (z,w) such that

i {Z,’LU} € E(G)v {xjaz}v {v,w} ¢ E(G),
e z,w¢ S"US,_1(U),

we may switch
{zj, v}, {z,w} = {;, 2}, {v, 0}

to get a graph from ¥y (with the ¢-th edge {z;, z} identified). To compare the sizes of ¥; and Xy,
we need to estimate the number of triples (G, z,w), G € ¥, and the number of triples (G, v,w),
G € Xy. For a given G € X1, the number of pairs (z,w) is at least

d(n — |Br—1(U)| = |S']) = d(| By (U)| + |S']) — 2d* = d(n — 2|B,—1(U)| — 2|5"| — 2d)

>d <n —2u (d—1)""1 —2ud(d—1)""" - Qd) :

d—2
On the other hand, for a given G € ¥, the number of pairs (v, w) is clearly at most
(18,1 (D) +15")d < d(ud(d — 1)""2 + ud(d — 1)"1).
Thus, we get
121|(n — 2ud(d — 1)" ! — 2ud(d — 1)1 /(d — 2) — 2d) < |Zo|(ud(d — 1)" "% 4+ ud(d — 1)" 1),
implying the desired probability bound

2 _ =] ud(d —1)""2 +ud(d — 1)"!
121+ [Zo| = [Zo] = n—2ud(d —1)7=1 — 2ud(d — 1)7=1/(d — 2) — 2d
B ud(d —1)""1(1+1/(d — 1))
~ n(l—2d(d — 1)"u/(n(d — 2)) — 2d/n)

1 d(d—1)""tu\ dd—1)""1u , el
<1+d R~ > Wiz <@-yh

IN
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as needed.
Therefore, the probability that the number of edges explored in this way that “do not lead to
a new vertex” (i.e. do not fall into S}(U)) is at least ,d(d — 1)"~}|U] is dominated by

IP’<Bin [d(d—1)"""u,2d (d—1)""] > epd(d — 1)”u>
d(d_ 1)r71u / -1 d(d— r—1
< 2 _ 1 T Er (d 1) u
2ec(d —1)"1 erd(d=1)
<(**5)
Er

rflu

If the second endpoint of an explored edge lands in S! |(U) as well, it immediately reveals some
edge that have not been explored yet. Therefore, the above event implies that

r—1
ISH)| > (d—-1) <d(d 1) 2 <1 -2 251-)) —2e,d(d —1)""u
i=1

=d(d—1)"""u (1 — 25351-)
=1

41
> <1 - ;ld —100¢'(d — 1)”) ud(d — 1)™.

By induction, we get that the latter event holds with probability at least
r 1~ €id(d—1)"" 1y
2ec(d — 1)1
1— bt S
> ("G ’
i=1
completing the proof of the claim. O

In order to complete the proof of the lemma, it suffices to apply the union bound over all u < 7,
all 7 such that ud(d — 1)"~! < en, and all U C [n] of size u:

Z Z <Z> ZZT; <2€Cl(d€;1)i_l>€id(dl)i—1u

u<cn/d T
r_1x erd(d—1)7"1\
9 ed (2ecd(d—1)"!
= Z (lnn) ud(d—nll)%{:1<cn (C’( Ep ’

u<en/d
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If & > 25d(d — 1)* =2, then

ed €
(=) —gdd—1""tIn( — "
() et =0 ()
ed d—1\"! Ind
<In(=)—-2mImd(=—= 1
= “() “d< 2 ) “(dec%d—l)r—w—l)
d—1

_ r—1 _1\r—1
< In (25ed*(d — 1)* %) — 21Ind <) In (25 Ind(d —1) >

2 e2r—1
d—1\""
e () s

for d large enough, since In(1/c) — 2Ind((d — 1)/2)""'In(1/c) decreases in 1/c.
If 2 < 25d(d — 1)* =2, then

ed r—1 Er
In (Cl> - Erd(d - 1) In (260/(d]_)7"1>
d d—1\""
<In (e,) —2Ind <> In <50>
c 2 e

d _ 1 r—1 d o 1 r—1
< In(25ed?(d — 1)>2) — 2Ind (2> In (20> < lnd. <2) ,
e

as well.

We also observe that, if 2 > - > 25d(d — 1)* =2, then either d = n®® or the bound (28)
can be improved to —Q(Ind - Inn). Moreover, if 52— < 25d(d — 1)*"~2, then either = 1 and
d=n°W orlnd- (%) = n®M), We also note that, if d = n®®)| then the maximum r such that
ud(d —1)""1 < en/d is bounded.

We conclude that

IP’<EIUEIT 1S, ()| < (1 = 50¢ — 04(1))ud(d — 1)7"—1)

< Z ln2n e~ Ind-u + Z (0(1) . e—@(lnn-u) + e—(nfe(l)-ﬁ-ﬂ(lndlnn))'u)

Inn<u<cn/d u<lnn

—10lnn _’_nf@(l) _{_671011111 — 0(1)7

<In’n-e

completing the proof.
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