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1.

∀x(p(x)→ ∃yq(y))
≡ ∀x(¬p(x) ∨ ∃yq(y))
≡ ∀x∃y(¬p(x) ∨ q(y))
≈ ∀x(¬p(x) ∨ q(f(x)))

∀x∀y(∃zp(z) ∧ ∃u(q(x, u)→ ∃vq(y, v)))
≡ ∀x∀y(∃zp(z) ∧ ∃u(¬q(x, u) ∨ ∃vq(y, v)))
≡ ∀x∀y∃z∃u∃v(p(z) ∧ (¬q(x, u) ∨ q(y, v)))

≈ ∀x∀y(p(f(x, y) ∧ (¬q(x, g(x, y)) ∨ q(y, h(x, y))))

∃x(¬∃yp(y)→ ∃z(q(z)→ r(x)))
≡ ∃x(¬¬∃yp(y) ∨ ∃z(¬q(z) ∨ r(x)))
≡ ∃x(∃yp(y) ∨ ∃z(¬q(z) ∨ r(x)))
≡ ∃x∃y∃z(p(y) ∨ (¬q(z) ∨ r(x)))

≈ p(b) ∨ ¬q(c) ∨ r(a)

2. (⇐) Clearly, if ∀x1 . . .∀xnA(x1, . . . , xn) is satisfiable in a model with only
one element it is satisfiable in general.

(⇒) Now, suppose ∀x1 . . .∀xnA(x1, . . . , xn) is true in some interpretation

I = (D, {r1, . . . , rk}, {a1, . . . , am})

where ri are relations on D interpreting predicate symbols and aj are
elements which interpret constant symbols in the formula. We want to
show that the formula is true in some interpretation whose domain has
only one element.

Fix one element of D and denote it b. Since ∀x1 . . .∀xnA(x1, . . . , xn)
expresses the fact that some property holds for all elements x1, . . . , xn

of D, in particular, it will be true when all xi = b and we interpret all
constant symbols as that same element b. So, our formula will be true in
the smaller interpretation I ′ whose universe is {b}.



3.

σ1σ2 = {y ← b, z ← f(g(a)), w ← c}
σ2σ1 = {x← g(a), z ← f(x), w ← c}

4.

Eθ = p(f(g(y)), f(u), g(u), f(y))
(Eθ)σ = p(f(g(f(a))), f(y), g(y), f(f(a)))

θσ = {x← f(g(f(a))), z ← f(f(a)), u← y}
E(θσ) = p(f(g(f(a))), f(y), g(y), f(f(a)))

5. • p(a, x, f(g(y))) and p(y, f(z), f(z)) can be unified by

{y ← a, x← f(g(y)), z ← g(y)}

• p(x, g(f(a)), f(x)) and p(f(a), y, y) cannot be unified since from the
second and third equation we have g(f(a)) = f(x) (both terms equal
y).

• p(x, g(f(a)), f(x)) and p(f(y), z, y) cannot be unified since after we
substitute f(y) for x in the system (based on the first equation), the
third equation becomes f(f(y)) = y.

• p(a, x, f(g(y))) and p(z, h(z, u), f(u)) can be unified using

{x← h(a, g(y)), z ← a, u← g(y)}


