Infinite random graphs and properties of metrics

Anthony Bonato and Jeannette Janssen

Abstract We give a survey of recent developments in the theory of ahintin-
finite random geometric graphs. Classical results of EadtisRényi establish that
countably infinite random graphs are isomorphic with prdlitghl . Infinite ran-
dom graphs have vertices identified with points in a metrigcep and edges are
added with a given probability dependent on the relativation of their endpoints.
The probability that infinite random geometric graphs apensrphic is considered.
The metric spaces where such a unique isotype emerges aedifairly rare, and
specifically arise in the context of finite dimensional nodspaces equipped with
the l,-metric. We survey negative results for random geometapls in the cases
of the Euclidean and hexagonal metric. Recent work whiclsicians infinite ran-
dom geometric graphs in the general setting of normed ligpaces is described.
Open problems in the area are provided in the final section.

1 Introduction

Geometric random graph models play an emerging role in theetting of real-
world networks such as on-line social networks [8, 9, 13}elss networks [21],
and the web graph [1, 20]. In such stochastic models, verti¢éhe network are
represented by points in a suitably chosen metric spaceedges are chosen by
a mixture of relative proximity of the vertices and probatit rules. In real-world
networks, the underlying metric space is a representafitimeohidden reality that
leads to the formation of edges. Such networks can be viewerirdbedded in a
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feature spacewhere vertices with similar features are more closelytmmsed. An
example arises in the social sciences called Blau spacdf2Blau space, agents in
the social network correspond to points in a metric space tla relative position
of nodes follows the principle dfomophily nodes with similar socio-demographics
are closer together in the space. The web graph may be vieviepic spacewhere
web pages with similar topics are closer to each other. We tiatt the theory of
random geometric graphs has been extensively developgdpsexample, [3, 18,
23, 25, 33], and the books [28, 29]).

While random finite geometric graphs have been closely tigeted, the same
is not true for the infinite case. One of the most studied exesyf an infinite limit
graph arising from a stochastic model is the infinite randoaph. The probability
spaceG(N, p) consists of graphs with verticé§ so that each distinct pair of inte-
gers is adjacent independently with a fixed probabiity (0,1). Erdés and Rényi
[19] discovered that with probability, Bll G € G(N, p) are isomorphic. A grapts
is existentially closedor e.c) if for all finite disjoint sets of verticeé\ andB (one
of which may be empty), there is a verte¢ AUB adjacent to all vertices &% and
to no vertex ofB. We say that is correctly joinedto A andB. The unique isomor-
phism type of countably infinite e.c. graph is nameditifaite random graphor
the Radograph, and is writteiR. The graphR possesses many properties such as
homogeneity, universality, and inexhaustibility. See @tka6 of [6] and the surveys
[15, 16] for additional background dR

We considered infinite random geometric graphs first in [0} studied in that
paper the isomorphism types of their associated counteiiestructures. The fol-
lowing stochastic model introduced in [10] is sufficientlgrgeral for our purposes.
Consider a metric spa&with distance function

d:SxS—R,

a positive real numbeJd, a countable subsktof S andp € (0,1). TheLocal Area
Random GraphARG(V, d, p) has vertice¥, and for each pair of verticasandv
with d(u,v) < 8, an edge is added independently with probabjityn other words,
we consider a random, constant-radius disk model on a sobsemetric space.
Note thatv may be either finite or infinite, although we will considery¥linfinite
in this chapter.

The LARG model generalizes well-known classes of randorplggaFor exam-
ple, special cases of the LARG model include the random gaanggaphs (where
p = 1), and the binomial random gra@{n, p) (whereShas finite diameted, and
0 > D).

Our focus will be on the case of separable metric spacesighidiose contain-
ing a countable dense set), whe3és chosen as a countable dense subset. Such
metric spaces are precisely the second-countable ondsqticantaining a count-
able base). Following notation introduced in [4], we sayt tnhaountable dense set
Sis Radoif the resulting graph is with probability 1 unique up to isorphism,
for any p € (0,1), and we say it isstrongly non-Raddf any two such graphs are
with probability 1 not isomorphic. Note that these are prtips of subsets of met-
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ric spaces. A fundamental question when studying graphsrgesd by the LARG
model is to determine which sets are Rado or strongly noroR@erhaps surpris-
ingly, as described in Section 4, there are Satdich are neither Rado nor strongly
non-Rado.

In this chapter, we survey results (with proofs omitted atsked) on the Rado
property of dense subsets of normed spaces such as finiteslonal?, spaces. A
fundamental tool in the analysis of infinite geometric gmpEhthe geometric e.c.
property, discussed in Section 2. We then describe an iaffamily of Rado sets
in Section 3, working in the normed spaddsof dimensiond. Strongly non-Rado
sets are described if§ and under the hexagonal metric in the plane in Section 4.
The recent results of [12] and [4] are then surveyed in Sed&javhich shows that
almost all sets are non-Rado in a normed space, unless the spgomorphic to
¢4 for somed. Interestingly, the tools used in [4] come from classicautts in
functional analysis. We finish with a set of open problems.

Throughout, all graphs considered are simple, undireeted countable unless
otherwise stated. The cardinality of the natural numbedgisted by1y. We will
encounter two distinct notions of distance: metric distaacd graph distance. In a
metric space with metrid, we writed(u, v) for the metric distance of the points. For
a graphG, we writedg(u,Vv) for the graph distance. For a real number p < o
andd > 1 an integer, the vector spaié€ of dimensiond equipped with the metric
derived from thep-norm is denoted by%. Given a metric spac& with distance
functiond, denote the (operball of radiusd around xby

Bs(x) = {ue S:d(u,x) < 8}.

We will sometimes just refer tBs(x) as ad-ball or ball of radiusd. A subseV is
densein Sif for every pointx € S, every ball around contains at least one point
from V. We refer tou € S as points or vertices, depending on the context. For a
reference on graph theory the reader is directed to [17y@4le [14] is a reference

on metric spaces.

2 Geometrically e.c. graphs

Adjacency properties have an important role in charadtegimfinite random geo-
metric graphs. For a survey of adjacency properties, seeA[@faphG is existen-
tially closedor e.c if for all finite setsA andB of disjoint vertices, there is a vertex
z¢ AUB that iscorrectly joinedto A andB; that is,zis joined to each vertex iAand
to no vertex inB. Any two countable e.c. graphs are isomorphic; the isonismph
type is named th&finite randomor Rado graphand is writtenR. A central result
in infinite graph theory was proven by Erdés and Rényi [18]ck states that with
probability 1 a countably infinite random graph is isomorphidRo

We next consider a geometric analogue of the e.c. propestyGl= (V,E) be a
graph whose vertices are points in the metric sgaeath metricd. The graphG
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is geometrically e.cat leveld (or d-g.e.c) if for all &’ so that 0< &’ < 9, for alll
x €V, and for all disjoint finite set& andB so thatAU B € B5(x), there exists a
vertexz ¢ AUBU {x} so that

(i) zis correctly joined toA andB,
(i) for all ue AUB, d(u,z) < d, and
(i) d(x,2) < &'.

This definition implies thaV is dense in itself, since we may chodsandB to be
empty. Further, iiG is -g.e.c., therG is &’-g.e.c. for any’ < d.

The g.e.c. property bears clear similarities with the eropprty defined in the
introduction. The important differences are that a colygotned vertex must exist
only for setsA andB which are contained in an open ball with radduand centre,
and it must be possible to choose the ve#errrectly joined toA andB arbitrarily
close tox; see Fig. 1.

Fig. 1 Thed-g.e.c. property.

The following result demonstrates that graphs generatedeoy ARG model are
typically g.e.c.

Theorem 1 ([10]).Let (V,d) be a metric space and S a countable dense subset of
V. 1fd > 0and pe (0,1), then with probabilityl, LARG(V, J, p) is d-g.e.c.

A graph G = (V,E) whose vertices are points in the metric sp&8gd) has
thresholdd if for all edgesuv e E, d(u,v) < 4. A graph that is g.e.c. at levé
and has threshold is called ageometricd-graph By definition, a grapl gener-
ated by LARQGV, 9, p) has threshold, and, ifV is countable and dense in itself,
thenG is a geometrid-graph. Thus, this random graph model generates geometric
o-graphs.

Balls with radiusd in d-g.e.c. graphs contain copies Bf and hence, contain
isomorphic copies of all countable graphs.
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Theorem 2 ([10]). Let U C S be so that UC Bs(x) for some x U. Then ad-
g.e.c. graph with vertex set U is e.c., and so is isomorphR.to

The following important theorem demonstrates that theigtexa close relation-
ship between graph distance and metric distance in any dghegths a geometric
o-graph. We denote the closure of Sein Sby V. The seW is convexf for every
pair of pointsx andy in W, there exists a poirge W such that

d(x,z) +d(zy) =d(x,2).

Theorem 3 ([10]).Let G= (V,E) be geometrid-graph, and lelV be convex. Let
u,veV so that du,v) > d. Then we have that

dg(u,v) = [d(u,v)/d] + 1.

Theorem 3 directly leads to the following corollary, whichan important tool
for proofs in the next two sections.

Corollary 1 ([10]). If V andW are convex, and there is a geomewigraph with
vertices V and a geometriegraph graph with vertex set W which are isomorphic
via f, then for every pair of verticesue V,

[d(u,v)/6] = [d(f(u), f(v))/y].

Corollary 1 will prove useful as we survey results in the degpand it suggests
the following generalization of isometry. Given metric spa(S,ds) and (T, dr),
setsV C SandW C T, and positive real numbedsandy, a step-isometry at level
(d,y) fromV to W is a bijective mapf : V — W with the property that for every
pair of verticeaw,veV,

[ds(u,v)/8] = [dr(f(u), f(v))/y].

Every isometry is a step-isometry, but the converse is falsgeneral. For example,
considerR with the Euclidean metric, and I&t= y = 1. Thenf : R — R given by
f(x) = |x] + (x— |x])? is a step-isometry, but is not an isometry.

Throughout the rest of the chapter, for simplicity and withimss of generality,
we assume thai = 1.

3 Isomorphism results for /«

The first success in the theory of infinite random geometréphs came from the
realization that for certain dense sets, the LARG model g#as graphs that are,
with probability 1, isomorphic, regardless of the choicéiwéshold or link proba-
bility p. The metric spaces containing these dense sets are the ghalrefact, we

will see that for eachd, there is a unique isomorphism type that arises for “almost
all”’ dense vertex sets iR9.
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3.1 ¢4 gives unique random infinite graphs.

First, we considefl. The vertex se¥ must be dense i, and it must satisfy the
property given by the following definition. A s&t C R is integer distance fre@r
idf) if for any two distinct elements, v in V, we have thatl(u,v) ¢ Z.

Theorem 4 ([10]).Let V and W be two countable dense idf subsei®.df G is a
geometricl-graph with vertex set V and H is a geomettigraph with vertex set
W, then G= H.

A proof sketch shows how an isomorphism can be constructaded&chx € R,
let q(x) = |x] andr(x) = x—q(x). We refer tor(x) is called therepresentativef x
and toq(x) as thequotient The following lemma gives an alternative definition of
step isometries in terms of quotients and representatives.

Lemma 1 ([10]). Let V and W be subsets &. Assume V and W are idf. Then
a bijective function £V — W is a step-isometry if and only if the following two
conditions hold.

1. Forevery yv eV, ifr(u) < r(v) then r(f(u)) <r(f(v)).
2. Forevery ie V, q(u) = q(f(u)).

The proof of Theorem 4 follows using a variant of the back-&rth method
(used to show thais the unique isotype of e.c. graph). Mt {v; :i > 0} andW =
{w; ;i > 0} and assume thap = wp = 0. We inductively construct an isomorphism
F between pairs of finite se%;,W) whereV; containsy; andW containsw;.

As an additional induction hypothesis we maintain condgi¢l) and (2) from
Lemmal.

We first setf (0) = 0 and letvp = W = {0}. For the induction step, fix> 0. To
extendf, we find an image o¥; . ; which maintains the conditions. Let=vi;.

Define

a=max{r(f(u)):ueV;andr(u) <r(v)}U{0},
b = min{r(f(u)) :ueV;andr(u) >r(v)} U{1}.

Since the sets definirgandb are disjoint, and the idf property guarantees that all
remainders iW are distinct, we have that< b.
To maintain the induction hypothesisf (v)) must lie in[a, b), andq( f (v)) must
equal tog(v). Set
| = (q(v) +a,q(v) +b).

Any vertex inW N1 will qualify as a candidate fof (v), so that conditions (1) and
(2) are maintained, and thukremains a step-isometry. We must then find a vertex
in | that will also guarantee thét is an isomorphism, by making sure it has the
correct neighbours. This can be easily done by invoking teeegondition.

Theorem 4 has the following corollaries.
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Corollary 2 ([10]). A countable dense idf setlhis Rado.

The condition that a dense set should be idf is a weak onectnifave select
a dense se&¥ from R randomly under a reasonable model, thewill be idf with
probability 1. Examples of reasonable models to select aalsel are to formv
by taking countably many samples of a distributionfomwhose density function is
strictly positive almost everywhere, or to take the unioc@intably many Poisson
point processes [32].

We obtain similar unique isomorphism types of graphs in athahsions, as
proven in the following result. For higher dimensions, wedé& extend the defini-
tion of idf. Given a seV C R", denote thé-th component set &f as:

Vi={x:xeV}

wherex = (x1,%2,...,Xq). AsetV C RYis idf if the coordinate setd;, ...,V are all
idf.

Theorem 5 ([10]). Consider the metric spac&. Let V and W be two countable
dense idf sets iiRY. If G is a geometricl-graph with vertex set V and H is a
geometricl-graph with vertex set W, then @ H. In particular, for all choices of
dense idf vertex set V, there is a unique isomorphism typeeaf.@raphs ir/d,
written GRy.

We inductively construct an isomorphism in a similar way assketched for
Theorem 4.

For higher dimensions, we do not have a complete charaatienivof step isome-
tries as in Lemma 1, but we can use this lemma to obtain negessaditions.
Precisely, a bijective functiori : V — W is a step-isometry if the following two
conditions hold for all,v eV and foralli, 1 <i < d:

r(u) <r(vi) ifand only ifr(f(u)i) <r(f(v)),
q(ui) = q(f(u)i).

To prove the theorem, we construct an isomorphism betwdsk;ssndW much
as in the one-dimensional case. We now sketch how to exteisbarorphismf :
Vi — W to a new vertex = vj_ 1.

Forallj, 1< j <d, define

aj = max{r(f(u);) :ueV; andr(u;j)

<r(vj)},
bj = min{r(f(u);) :ueV; andr(uj) >r(vj)}.

Note thata; < bj for all j. Namely, if not there must exist4d j <d and two points
u,w e W so thatr (uj) = r(w;j). This contradicts the fact th is idf.

In order to maintain the induction hypothesis, for glir(f(v)); should lie in
interval[a;j,bj), andq(f(v);) should be equal tq(v;). Letk; = q(v;), and consider
the product set
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I = (a(vj) +aj,q(vj) +bj).
1<j<d
Any vertex inl will qualify as a candidate fof (v) so thatf satisfies conditions 1.
To complete the proof, we use the fact thitis 1-g.e.c. to show thdtcontains a
vertex that is correctly joined to the verticesfihso thatf remains an isomorphism.

Corollary 3 ([10]). For each dimension d, there exists a unique isotype of graph,
written GRy, such that for all countable dense subsets \Rp&o that V is idf, for
all pe€(0,1), and for all d > 0, the graphLARG(V, J, p) is isomorphic to GR

We nameGRy the infinite random geometric graph of dimensionote that
GRy has infinite diameter for alil > 1 (unlike R, which has diameter 2). We will
explore the structure of the grap8&y in the next subsection.

We can apply Theorem 5 to obtain a result about isomorphistveden graphs
with vertex sets iR" if there exists a special type of map between the sets.

Theorem 6 ([10]).Consider the metric spadd. LetV and W be two countable idf
sets inRY. Assume that for all. <i < d, there exists a step-isometry fromt&y/W.

If G is a geometricl-graph with vertex set V and H is a geomettigraph with
vertex set Wthen G= H.

Note that the statement of this theorem does not requaadW to be dense in
R", but only in a compact subset &". It is not hard to see, using Lemma 1, that
there exists a step-isometry between two interyalb) and (&', b’) if their lengths
t; =b—aandt, = b’ —a are not integers, and |t; | = [t2]|. Applying this fact to
each dimension, and using the above theorem, we obtain itbesifiog corollary.

Corollary 4. Let V and W be two countable setsRA. Suppose that for each<

i <d, the closured/; andW are intervals of lengtht;, tw,;, respectively, where
ty; and ty; are not integers, andlty;| = |tw,|. Then there exists a step-isometry
betweenV and W. Moreover, if G is a geomeltrigraph with vertex setV and H is
a geometricl-graph with vertex set Wthen G= H.

Thus, for anyd-tuple(ty, to, . .. ,ty) there is a unique isomorphism type of g.e.c. graphs
in ¢4 with countable vertex set, corresponding to 1-g.e.c. gsayiose vertex sets
are dense in a séf x ... x l4, where eacH; is an interval of length; + &, and
O<g <1

3.2 Properties of the unique limit

One question is to determine whether for distinct dimersihnhe infinite random
geometric graph&Ry are non-isomorphic. We settle this question in the affirmeati
here using a geometric property of metric spaces.

The equilateral dimensiorof a metric spaces is the maximum number of
equidistant points iis. In [30], it was proven that in a Banach space of dimensdion
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the equilateral dimension is bounded above thyad from below by mif4,d+1}.

The equilateral dimension @f, equals 2 (with the lower bound witnessed by the
set of binary vectors), while it equalls+ 1 in Euclidean spac@. Interestingly, the
equilateral dimension @ is unknown, and is claimed to bel h what is referred to
asKusner’s conjecturesee [24]. Note that the standard basis vectors and their neg
atives witness the lower bound ofl 2h theé‘} case. See [2] for further background
on equilateral dimension of thig spaces.

We utilize equilateral dimension in our graph theoretigisgtvia the following
definition. For a grapl® and positive integdr, define theequilateral clique number
written w(G,t), to be the supremum of the cardinalities of asef vertices so that
every pair of distinct vertices iA have graph distance exactlyWe first provide a
lower bound on the equilateral clique number for any geoimé&tgraph inég.

Theorem 7.Let k be the equilateral dimension Cg where d> 1andl < p < co.

Then for any geometric 1-graph G with vertex set V densﬁ%,iand forallt> 2,
we have thato(G,t) > k.

Proof. Fix t > 2. Choose a real number> 0 so that & < 1. Let Sbe a subset of
Eg so that|§ = k and every pair of distinct points i@have distance exactty 3¢.
For eachx € S, choose a vertex € V such that(x,vy) < €. SetVs= {w: X € S}.
For all v, w € Vs, we have that

t+e=d(xy)—2e <d(w,w) <d(xy)+2e=t+5e <t+1

Hence, we have thdd(vy,vy)| =t, and so by Theorem 3, we have that the graph
distance of to vy equald. It follows thatw(G,t) > k. O

The following theorem proves that the gragBBy are non-isomorphic for dis-
tinct dimensiongl.

Theorem 8.For all d > 1 and positive integerst 3, w(GRy,t) = 2.

Proof. Recall that’d has equilateral dimensiorf 21t follows from Theorem 7 and
the facts thaGRy can be realized as a geometric 1-graph, , tid@@Ry,t) > 29

Now, to prove thato(GRy,t) < 29, we use induction od > 1. In fact, we prove
a stronger statement thé&} does not contain®+ 1 points whose pairwise distance
lies strictly betweei andt 4 1. The result then follows by Theorem 3.

The casal = 1, is elementary, since one cannot find real numkgysandz with
the property thatx—vy|, [x— 2z, and|y — z| are all greater than 3, but differ by at
most 1 The proof ford = 1 now follows by Theorem 3.

Now, fixd > 1 and assume the statement is truedfer 1. LetA’ be a set of maxi-
mum cardinality i/, such that for all paira, b € A’ we have thatd(a,b) | =t. For
alla= (ag,a,...,a4) € A leta be the projection onto the first— 1 dimensions;
thatis,a = (ay,ay,...,a4_1). Assume, without loss of generality, that the origin is
an element of A, and; > O forallac A

We set t41
A]_:{aGA:OSad<T},
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and

t+1
2

Itis evident tha#\; andA; partitionA. Without loss of generality, assume tiat| >

|Az|, SO|A1| > ‘—’3‘. For alla,b € Aq, by definition we have thdgy — by| < % <t,

and also thatl(a,b) > t.

Therefore, the distance betweaandb is not achieved in the last coordinate, so
d(a,b') >t, whered,b’ € /41 Hence A, the projection ofA; onto the firstd — 1
coordinates, is a set of verticesdfy * such that for alt/,b’ € A}, |d(a,b')| =t. It
follows by induction thatA;| < 29-1 and soA| < 2|A;| <29, O

Ay={acA: <ag<t+1}.

We note that it is straightforward to prove thaGRy,t) = o, wheret =1, 2 (since
such graphs contain the infinite random graph as an indudsgtaph).

Deleting a point from a dense s®with the idf property inR" gives another dense
set with the idf property. As a consequence of Corollary 6 haee the following
inexhaustibilityproperty.

Corollary 5 ([10]). For all d > 0 and vertices x in GR GRy — x = GRy.

The g.e.c. property may be used to prove a relationship lesttee graph&Ry
for differentd. Supposé/ is a dense idf subset &Y, andG a 1-geometric graph
with vertex setV (so G = GRy). LetV* = {veV :0< vy < 1}. Then it is not
hard to see that the floor of the distance, and thus, the griafdnde, between two
vertices is determined by the projection onto the first 1 dimensions. It follows
that the subgraph induced by is isomorphic to a 1-geometric graph whose vertex
set is the projection of * onto the firstd — 1 dimension. By Theorem 5, this graph
is isomorphic toGRy_1, and since rounded distances are preserved, so are graph
distances. Hence, the embedding of this subgraphGrisoisometric. Applying this
argument repeatedly, we obtain the following theorem.

Theorem 9.For j < k, GR, contains GR as an isometric induced subgraph.

A step-isometric isomorphisisian isomorphism of graphs that is a step-isometry.
The following corollary shows that the grapB®, act transitively on step-isometric
isomorphic induced subgraphs.

Corollary 6 ([10]). Let G and H be finite induced subgraphs of ZXBr some posi-
tive integer d. A step-isometric isomorphism@ — H extends to an automorphism
of GRy.

4 Non-isomorphism results

The normed spacé! is rather special from the viewpoint of infinite random geo-
metric graphs. This notion will be rigorously explored i thext section. Here, we
are content to provide some results demonstrating thatfmesmetric spaces, all
dense subsets are strongly non-Rado.
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4.1 The Euclidean metric in the plane

We first consider a result proved in [10]. The familiar Euebth metric space in the
plane gives examples of strongly non-Rado sets.

Theorem 10 ([10]).If S is a countable set densefi$) then S is strongly non-Rado.
The main tool in proving Theorem 10 is the following geomzkeimma.

Lemma 2 ([10]).LetV and W be dense subseté®fThen every step-isometry from
V to W is an isometry.

The lemma is proved by showing, using geometric configunatithat any small
“error” in the distances between the vertices leads inblyite larger errors in the
distances between other pairs of vertices, and by repetifithe construction leads
to errors that exceed 1. This then contradicts the propesfia step-isometry.

An intuitive interpretation of how this lemma leads to therieomorphism result
is the following. Any isometry irf% is determined by the images of three points in
general position. Any isomorphism between two geometigeaphsG andH must
be a step-isometry and thus, an isometry. SupposeGreaid H were generated
by the LARG process. We have countably many choices for ttzgés, under an
isomorphism foiG to H, of the first three vertices. Once these images are fixed, the
images of the remaining vertices GfandH are completely determined. Thus, if
G andH are to be isomorphic, for each of the®2pairs of vertices@ andH must
agree on the existence of an edge between that pair.

4.2 Hexagonal metric

The hexagonal metric arises in the study of Voronoi diagranusperiod graphs (see
[22]) in computational geometry, which in turn have appii@as to nanotechnol-
ogy. The hexagonal metric arises as a special casersfex polygonal (or polygon-
offset) distance functions/here distance is in terms of a scaling of a convex poly-
gon containing the origin; for example, see [5]. A precisérdigon of this metric
is given below. We note thd&toneycomb networkermed by tilings by hexagonal
meshes have been studied as, among other things, a modé& @oinnection net-
works.

We now formally define the hexagonal metric. Consider theorsc

n- (o) == (4ds) mmem= (135)

These are the normal vectors to the sides of a regular hexag@hown in Fig. 2.
We will calls the three line directions perpendiculaatQay, as the principal direc-
tions.
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Fig. 2 The vectorsg; are the normal vectors for the regular hexagon.

Forx € R? define thenexagonal nornof x as follows:

[IX[[hex = . Max |ai -,

whereu- v is the dot product of vectons v. Thehexagonal metriéin R? is derived
from the hexagonal norm, and defined by

dhex(xa y) = ”X - thEX'

Note that the unit balls with the hexagonal metric are regliéagons as in Fig-
ure 2. We denote the hexagonal metricdayy.

Theorem 11 ([11]). Almost all dense sets iR? with the dhe,-metric are strongly
non-Rado.

The proof Theorem 11 uses the fact that any isomorphism leetwyeometric
1-graphs with vertex s&t must be a step-isometry. It is evident that for any point
v eV, the ballsB(v,z) wherez € N, must berespectedby any isometryf; that is,
any points inside the baB(v,z) must have an image inside the corresponding ball
B(f(v),2). This fact can be used to show that any line with a principaaion and
going through a point € V must also be respected. Moreover, any line at integer
distance from such a line must also be respected. Thus, a §eitof points iV
generates a grid of lines, all in principal directions, timatst be respected. The re-
gions bounded by this grid are of positive area, so this #lfidoes not lead to a
contradiction. However, it can be shown that any line in aggal direction and
going through an intersection point of lines of this grid maiso be respected. Ap-
plying this fact iteratively leads to the formation of a dewgid of lines which must
be respected, derived from only a finite number of points sThuay step-isometry is
determined by the images of a finite number of points. Theisomorphism result
then follows along the same lines as in the previous case.
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5 Normed spaces

In [4], the notions of Rado and strongly Rado sets were intced, along with gen-
eral results on the existence and non-existence of Radingéts setting of normed
spaces. One of the key results of [4] is the following thegretrich establishes the
special role of., in the theory of random geometric graphsraifadom dense sés$

a countable union of sets each chosen according to a Poisgurppocess [32].

Theorem 12 ([4]).Let S be a finite-dimensional normed space not isometrig to
Then almost every random dense set V is strongly non-Rado.

An analogue of Theorem 12 was proven in [12], using a diffeegproach (in
particular, segmenting the cases into the polygonal anepadygonal metric cases).
The results of Theorem 12 correspond to a special case ofbtloeving key
result. As proved in [4], for a finite dimensional normed sp&cthere exists a
unique maximal subspadeisometric to/d for some d, such that there is a subspace
U withS=UT and
Jlu-+w] = max{ [ul], ]}

forallue U andw € T. This is referred to as th&,-decomposition o¥/, and is
written (U @ 49)..

Theorem 13 ([4]).Let S be afinite dimensional normed space iffuecomposition
(U 1d)s, and fix0 < p < 1. Then the following hold.

1. If U = 0 in the /w-decomposition, then almost all countable dense sets V are
Rado, but there exist countable dense sets which are syrorai-Rado. Fur-
ther, there exist countable dense sets S for which the pitityghat two graphs
G,G € LARG(V, 1, p) are isomorphic lies strictly between 0 and 1.

2. If S=U, then all countable dense sets S are strongly non-Rado.

3.1f d > 0 and U # {0} then almost all countable dense sets V are strongly
non-Rado, but there exist countable dense sets V which ade.Reddition-
ally, there exist countable dense sets for which the prditabhat two graphs
G,G € LARG(V, 1, p) are isomorphic lies strictly between 0 and 1.

Item (1) in Theorem 13 covers the case where the metric sgat® which
we discussed in Section 3. Namely, almost all countableedsets are idf, and
thus, the first part of the case follows from Theorem 5 (whiobvps the stronger
result that there is a unique isomorphism type for all cobletaense sets that are
idf). The remainder of this case can be understood when waderwhat happens
if V is not idf. In particular, suppose th¥t contains a subsé&V of points which
have only integer coordinates. Then any isomorphism mustrbisometry onV
and must fiXW. Hence, this restricts the possibilities for an isomorphigv/e then
have a relationship between the probability that the grapessomorphic to the
probability that the subgraphs & are isomorphic. The corresponding probability
can be zero, or it can be between 0 and 1, dependitg.on
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Item (2) is a generalization of the results f@rand the hexagonal metric dis-
cussed above. The proofs rely on the analysis of step-is@sgand their charac-
terization. The proofs employ results from functional gs& such as the Mazur-
Ulam theorem, and properties of extreme points in normedespadt is shown that
any step-isometryf is highly constrained. For example, as part of the proof it i
shown thatf generates a lattice derived from the extreme points of titdoai, and
that f must be an isometry on this lattice. The restrictions on-&emetries limit
the possibilities for an isomorphism, and the non-isommliresult then follows
by an argument similar to the one sketched in the previousestions. Item (3)
follows similarly. The fact that there exist Rado sets ard #eat are neither Rado
nor non-Rado follows by construction of special sets whiseét component of the
space is somehow dominant for pairs of vertices in the set.

6 Open problems

The most fundamental question in the study of infinite rand@wmmetric graphs is
to classify Rado sets in all normed spaces. This problem veagioned in [4], and
may be summarized as follows.

Problem 1[4]: Let V be a normed space with,-decompositiotV = (U @ 4.,
for somed > 1. Classify the countable dense Rado sets.

The infinite dimensional case is wide open. The second prmobfentioned in
[4] is the following.

Problem 2[4]: LetV be an infinite dimensional normed space. Classify the count-
able dense Rado sets.

The most concrete example to consider here is the space ntibdisequences,
written {5, which has dimensioflg. A challenge with the spac& from our per-
spective is that it is not separable. Does such a space entzirc®Rado sets?

Notice that the LARG model easily adapts to any metric spHeeorem 1, which
states that graphs generated with the LARG model are gelcls for any metric
space. However, the other results discussed here are aliiadyoned spaces, and the
tools developed to prove the results apply only to such sp&rhaps the broadest
generalization of this line of research is to consider galrsparable metric spaces.

Problem 3 LetV be a separable metric space. Classify the countable denlse Ra
sets.

The LARG model extends to the case of uncountable graphgx@ample, one
may consider the unit disk graph of uncountable dense stibktte plane equipped
with the /., metric. Infinite random geometric graphs where the undeglyiertex
set is uncountable appear to be more challenging to studythenclassification of
such likely relies on various axioms of infinity in set theoky interesting problem
is therefore, the following.

Problem 4 Are there are uncountable Rado sets in normed spaces?
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As a final remark, we point out possible connections with nhiteory. The in-
finite random graptR is the unique countably graph satisfying almost sure (first-
order) theory of graphs (see, for example, [31]). In relateatk, McColm [26]
considered 0-1 laws foGilbertgraphs, which in our terminology are finite graphs
generated by the LARG model with= 1, where the underlying space is the one-
dimensional unit circl&S! (with metric the distance between reals modui).As
mentioned in [26], it would be interesting to establish wieetthere exist 0-1 laws
for the LARG model in certain metric spaces, and analyzesbmorphism types
of countable models of the almost sure theory. In particalarintriguing question
is whether the infinite random geometric graj@i’; of dimensiond play an analo-
gous role to the one played IRin the almost sure theory of geometric graphs.
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