
Infinite random graphs and properties of metrics

Anthony Bonato and Jeannette Janssen

Abstract We give a survey of recent developments in the theory of countably in-
finite random geometric graphs. Classical results of Erdősand Rényi establish that
countably infinite random graphs are isomorphic with probability 1 . Infinite ran-
dom graphs have vertices identified with points in a metric space, and edges are
added with a given probability dependent on the relative location of their endpoints.
The probability that infinite random geometric graphs are isomorphic is considered.
The metric spaces where such a unique isotype emerges are indeed fairly rare, and
specifically arise in the context of finite dimensional normed spaces equipped with
theℓ∞-metric. We survey negative results for random geometric graphs in the cases
of the Euclidean and hexagonal metric. Recent work which considers infinite ran-
dom geometric graphs in the general setting of normed linearspaces is described.
Open problems in the area are provided in the final section.

1 Introduction

Geometric random graph models play an emerging role in the modelling of real-
world networks such as on-line social networks [8, 9, 13], wireless networks [21],
and the web graph [1, 20]. In such stochastic models, vertices of the network are
represented by points in a suitably chosen metric space, andedges are chosen by
a mixture of relative proximity of the vertices and probabilistic rules. In real-world
networks, the underlying metric space is a representation of the hidden reality that
leads to the formation of edges. Such networks can be viewed as embedded in a
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feature space, where vertices with similar features are more closely positioned. An
example arises in the social sciences called Blau space [27]. In Blau space, agents in
the social network correspond to points in a metric space, and the relative position
of nodes follows the principle ofhomophily: nodes with similar socio-demographics
are closer together in the space. The web graph may be viewed in topic space, where
web pages with similar topics are closer to each other. We note that the theory of
random geometric graphs has been extensively developed; see, for example, [3, 18,
23, 25, 33], and the books [28, 29]).

While random finite geometric graphs have been closely investigated, the same
is not true for the infinite case. One of the most studied examples of an infinite limit
graph arising from a stochastic model is the infinite random graph. The probability
spaceG(N, p) consists of graphs with verticesN, so that each distinct pair of inte-
gers is adjacent independently with a fixed probabilityp∈ (0,1). Erdős and Rényi
[19] discovered that with probability 1, all G∈ G(N, p) are isomorphic. A graphG
is existentially closed(or e.c.) if for all finite disjoint sets of verticesA andB (one
of which may be empty), there is a vertexz /∈ A∪B adjacent to all vertices ofA and
to no vertex ofB. We say thatz is correctly joinedto A andB. The unique isomor-
phism type of countably infinite e.c. graph is named theinfinite random graph, or
the Radograph, and is writtenR. The graphR possesses many properties such as
homogeneity, universality, and inexhaustibility. See Chapter 6 of [6] and the surveys
[15, 16] for additional background onR.

We considered infinite random geometric graphs first in [10],and studied in that
paper the isomorphism types of their associated countable limit structures. The fol-
lowing stochastic model introduced in [10] is sufficiently general for our purposes.
Consider a metric spaceSwith distance function

d : S×S→R,

a positive real numberδ , a countable subsetV of S, andp∈ (0,1). TheLocal Area
Random GraphLARG(V,δ , p) has verticesV, and for each pair of verticesu andv
with d(u,v)< δ , an edge is added independently with probabilityp. In other words,
we consider a random, constant-radius disk model on a subsetof a metric space.
Note thatV may be either finite or infinite, although we will consider only V infinite
in this chapter.

The LARG model generalizes well-known classes of random graphs. For exam-
ple, special cases of the LARG model include the random geometric graphs (where
p= 1), and the binomial random graphG(n, p) (whereShas finite diameterD, and
δ ≥ D).

Our focus will be on the case of separable metric spaces (thatis, those contain-
ing a countable dense set), whereS is chosen as a countable dense subset. Such
metric spaces are precisely the second-countable ones (that is, containing a count-
able base). Following notation introduced in [4], we say that a countable dense set
S is Radoif the resulting graph is with probability 1 unique up to isomorphism,
for any p ∈ (0,1), and we say it isstrongly non-Radoif any two such graphs are
with probability 1 not isomorphic. Note that these are properties of subsets of met-
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ric spaces. A fundamental question when studying graphs generated by the LARG
model is to determine which sets are Rado or strongly non-Rado. Perhaps surpris-
ingly, as described in Section 4, there are setsSwhich are neither Rado nor strongly
non-Rado.

In this chapter, we survey results (with proofs omitted or sketched) on the Rado
property of dense subsets of normed spaces such as finite dimensionalℓp spaces. A
fundamental tool in the analysis of infinite geometric graphs is the geometric e.c.
property, discussed in Section 2. We then describe an infinite family of Rado sets
in Section 3, working in the normed spacesℓd

∞ of dimensiond. Strongly non-Rado
sets are described inℓ2

2 and under the hexagonal metric in the plane in Section 4.
The recent results of [12] and [4] are then surveyed in Section 5, which shows that
almost all sets are non-Rado in a normed space, unless the space is isomorphic to
ℓd

∞ for somed. Interestingly, the tools used in [4] come from classical results in
functional analysis. We finish with a set of open problems.

Throughout, all graphs considered are simple, undirected,and countable unless
otherwise stated. The cardinality of the natural numbers isdenoted byℵ0. We will
encounter two distinct notions of distance: metric distance and graph distance. In a
metric space with metricd, we writed(u,v) for the metric distance of the points. For
a graphG, we writedG(u,v) for the graph distance. For a real number 1≤ p ≤ ∞
andd ≥ 1 an integer, the vector spaceRd of dimensiond equipped with the metric
derived from thep-norm is denoted byℓd

p. Given a metric spaceS with distance
functiond, denote the (open)ball of radiusδ around xby

Bδ (x) = {u∈ S: d(u,x)< δ}.

We will sometimes just refer toBδ (x) as aδ -ball or ball of radiusδ . A subsetV is
densein S if for every pointx ∈ S, every ball aroundx contains at least one point
from V. We refer tou ∈ S as points or vertices, depending on the context. For a
reference on graph theory the reader is directed to [17, 34],while [14] is a reference
on metric spaces.

2 Geometrically e.c. graphs

Adjacency properties have an important role in characterizing infinite random geo-
metric graphs. For a survey of adjacency properties, see [7]. A graphG is existen-
tially closedor e.c. if for all finite setsA andB of disjoint vertices, there is a vertex
z 6∈A∪B that iscorrectly joinedto A andB; that is,z is joined to each vertex inA and
to no vertex inB. Any two countable e.c. graphs are isomorphic; the isomorphism
type is named theinfinite randomor Rado graph, and is writtenR. A central result
in infinite graph theory was proven by Erdős and Rényi [19] which states that with
probability 1, a countably infinite random graph is isomorphic toR.

We next consider a geometric analogue of the e.c. property. Let G= (V,E) be a
graph whose vertices are points in the metric spaceS with metricd. The graphG
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is geometrically e.c. at levelδ (or δ -g.e.c.) if for all δ ′ so that 0< δ ′ < δ , for all
x ∈ V, and for all disjoint finite setsA andB so thatA∪B ∈ Bδ (x), there exists a
vertexz 6∈ A∪B∪{x} so that

(i) z is correctly joined toA andB,
(ii) for all u∈ A∪B, d(u,z)< δ , and
(iii) d(x,z) < δ ′.

This definition implies thatV is dense in itself, since we may chooseA andB to be
empty. Further, ifG is δ -g.e.c., thenG is δ ′-g.e.c. for anyδ ′ < δ .

The g.e.c. property bears clear similarities with the e.c. property defined in the
introduction. The important differences are that a correctly joined vertex must exist
only for setsA andB which are contained in an open ball with radiusδ and centrex,
and it must be possible to choose the vertexzcorrectly joined toA andB arbitrarily
close tox; see Fig. 1.

d

d'

x

A

B

z

Fig. 1 Theδ -g.e.c. property.

The following result demonstrates that graphs generated bythe LARG model are
typically g.e.c.

Theorem 1 ([10]).Let (V,d) be a metric space and S a countable dense subset of
V . If δ > 0 and p∈ (0,1), then with probability1, LARG(V,δ , p) is δ -g.e.c.

A graph G = (V,E) whose vertices are points in the metric space(S,d) has
thresholdδ if for all edgesuv∈ E, d(u,v) < δ . A graph that is g.e.c. at levelδ
and has thresholdδ is called ageometricδ -graph. By definition, a graphG gener-
ated by LARG(V,δ , p) has thresholdδ , and, ifV is countable and dense in itself,
thenG is a geometricδ -graph. Thus, this random graph model generates geometric
δ -graphs.

Balls with radiusδ in δ -g.e.c. graphs contain copies ofR, and hence, contain
isomorphic copies of all countable graphs.
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Theorem 2 ([10]). Let U ⊆ S be so that U⊆ Bδ (x) for some x∈ U. Then aδ -
g.e.c. graph with vertex set U is e.c., and so is isomorphic toR.

The following important theorem demonstrates that there exists a close relation-
ship between graph distance and metric distance in any graphthat is a geometric
δ -graph. We denote the closure of setV in Sby V. The setW is convexif for every
pair of pointsx andy in W, there exists a pointz∈W such that

d(x,z)+d(z,y) = d(x,z).

Theorem 3 ([10]).Let G= (V,E) be geometricδ -graph, and letV be convex. Let
u,v∈V so that d(u,v)> δ . Then we have that

dG(u,v) = ⌊d(u,v)/δ⌋+1.

Theorem 3 directly leads to the following corollary, which is an important tool
for proofs in the next two sections.

Corollary 1 ([10]). If V andW are convex, and there is a geometricδ -graph with
vertices V and a geometricγ-graph graph with vertex set W which are isomorphic
via f , then for every pair of vertices u,v∈V,

⌊d(u,v)/δ⌋= ⌊d( f (u), f (v))/γ⌋.

Corollary 1 will prove useful as we survey results in the chapter, and it suggests
the following generalization of isometry. Given metric spaces(S,dS) and(T,dT),
setsV ⊆ SandW ⊆ T, and positive real numbersδ andγ, astep-isometry at level
(δ ,γ) from V to W is a bijective mapf : V → W with the property that for every
pair of verticesu,v∈V,

⌊dS(u,v)/δ⌋= ⌊dT( f (u), f (v))/γ⌋.

Every isometry is a step-isometry, but the converse is false, in general. For example,
considerR with the Euclidean metric, and letδ = γ = 1. Thenf : R→ R given by
f (x) = ⌊x⌋+(x−⌊x⌋)2 is a step-isometry, but is not an isometry.

Throughout the rest of the chapter, for simplicity and without loss of generality,
we assume thatδ = 1.

3 Isomorphism results for ℓ∞

The first success in the theory of infinite random geometric graphs came from the
realization that for certain dense sets, the LARG model generates graphs that are,
with probability 1, isomorphic, regardless of the choice ofthresholdδ or link proba-
bility p. The metric spaces containing these dense sets are the spacesℓd

∞. In fact, we
will see that for eachd, there is a unique isomorphism type that arises for “almost
all” dense vertex sets inRd.
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3.1 ℓd
∞ gives unique random infinite graphs.

First, we considerℓ1
∞. The vertex setV must be dense inR, and it must satisfy the

property given by the following definition. A setV ⊆ R is integer distance free(or
idf ) if for any two distinct elementsu,v in V, we have thatd(u,v) 6∈ Z.

Theorem 4 ([10]).Let V and W be two countable dense idf subsets ofR. If G is a
geometric1-graph with vertex set V and H is a geometric1-graph with vertex set
W, then G∼= H.

A proof sketch shows how an isomorphism can be constructed. For eachx∈ R,
let q(x) = ⌊x⌋ andr(x) = x−q(x). We refer tor(x) is called therepresentativeof x
and toq(x) as thequotient. The following lemma gives an alternative definition of
step isometries in terms of quotients and representatives.

Lemma 1 ([10]). Let V and W be subsets ofR. Assume V and W are idf. Then
a bijective function f: V → W is a step-isometry if and only if the following two
conditions hold.

1. For every u,v∈V, if r(u)< r(v) then r( f (u)) < r( f (v)).
2. For every u∈V, q(u) = q( f (u)).

The proof of Theorem 4 follows using a variant of the back-and-forth method
(used to show thatR is the unique isotype of e.c. graph). LetV = {vi : i ≥ 0} andW=
{wi : i ≥ 0} and assume thatv0 = w0 = 0. We inductively construct an isomorphism
F between pairs of finite sets(Vi ,Wi) whereVi containsvi andWi containswi .

As an additional induction hypothesis we maintain conditions (1) and (2) from
Lemma 1.

We first setf (0) = 0 and letV0 =W0 = {0}. For the induction step, fixi ≥ 0. To
extendf , we find an image ofvi+1 which maintains the conditions. Letv= vi+1.

Define

a = max{r( f (u)) : u∈Vi andr(u)< r(v)}∪{0},
b = min{r( f (u)) : u∈Vi andr(u)> r(v)}∪{1}.

Since the sets defininga andb are disjoint, and the idf property guarantees that all
remainders inW are distinct, we have thata< b.

To maintain the induction hypothesis,r( f (v)) must lie in[a,b), andq( f (v)) must
equal toq(v). Set

I = (q(v)+a,q(v)+b).

Any vertex inW∩ I will qualify as a candidate forf (v), so that conditions (1) and
(2) are maintained, and thus,f remains a step-isometry. We must then find a vertex
in I that will also guarantee thatf is an isomorphism, by making sure it has the
correct neighbours. This can be easily done by invoking the g.e.c condition.

Theorem 4 has the following corollaries.
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Corollary 2 ([10]). A countable dense idf set inR is Rado.

The condition that a dense set should be idf is a weak one. In fact, if we select
a dense setV from R randomly under a reasonable model, thenV will be idf with
probability 1. Examples of reasonable models to select a dense setV are to formV
by taking countably many samples of a distribution onR whose density function is
strictly positive almost everywhere, or to take the union ofcountably many Poisson
point processes [32].

We obtain similar unique isomorphism types of graphs in all dimensions, as
proven in the following result. For higher dimensions, we need to extend the defini-
tion of idf. Given a setV ⊆ R

n, denote thei-th component set ofV as:

Vi = {xi : x∈V}

wherex= (x1,x2, . . . ,xd). A setV ⊆R
d is idf if the coordinate setsV1, . . . ,Vd are all

idf.

Theorem 5 ([10]).Consider the metric spaceℓd
∞. Let V and W be two countable

dense idf sets inRd. If G is a geometric1-graph with vertex set V and H is a
geometric1-graph with vertex set W, then G∼= H. In particular, for all choices of
dense idf vertex set V , there is a unique isomorphism type of g.e.c. graphs inℓd

∞,
written GRd.

We inductively construct an isomorphism in a similar way as was sketched for
Theorem 4.

For higher dimensions, we do not have a complete characterization of step isome-
tries as in Lemma 1, but we can use this lemma to obtain necessary conditions.
Precisely, a bijective functionf : V → W is a step-isometry if the following two
conditions hold for allu,v∈V and for alli, 1≤ i ≤ d:

r(ui)< r(vi) if and only if r( f (u)i)< r( f (v)i),

q(ui) = q( f (u)i).

To prove the theorem, we construct an isomorphism between setsVi andWi much
as in the one-dimensional case. We now sketch how to extend anisomorphismf :
Vi →Wi to a new vertexv= vi+1.

For all j, 1≤ j ≤ d, define

a j = max{r( f (u) j) : u∈Vi andr(u j)≤ r(v j)},
b j = min{r( f (u) j) : u∈Vi andr(u j)> r(v j)}.

Note thata j < b j for all j. Namely, if not there must exist 1≤ j ≤ d and two points
u,w∈Wi so thatr(u j) = r(wj). This contradicts the fact thatW is idf.

In order to maintain the induction hypothesis, for allj, r( f (v)) j should lie in
interval[a j ,b j), andq( f (v) j ) should be equal toq(v j). Let k j = q(v j), and consider
the product set
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I = ∏
1≤ j≤d

(q(v j)+a j ,q(v j)+b j).

Any vertex inI will qualify as a candidate forf (v) so that f satisfies conditions 1.
To complete the proof, we use the fact thatW is 1-g.e.c. to show thatI contains a
vertex that is correctly joined to the vertices inWi so thatf remains an isomorphism.

Corollary 3 ([10]). For each dimension d, there exists a unique isotype of graph,
written GRd, such that for all countable dense subsets V ofR, so that V is idf, for
all p ∈ (0,1), and for allδ > 0, the graphLARG(V,δ , p) is isomorphic to GRd.

We nameGRd the infinite random geometric graph of dimension d. Note that
GRd has infinite diameter for alld ≥ 1 (unlikeR, which has diameter 2). We will
explore the structure of the graphsGRd in the next subsection.

We can apply Theorem 5 to obtain a result about isomorphisms between graphs
with vertex sets inRn if there exists a special type of map between the sets.

Theorem 6 ([10]).Consider the metric spaceℓd
∞. Let V and W be two countable idf

sets inRd. Assume that for all1≤ i ≤ d, there exists a step-isometry from Vi to Wi .
If G is a geometric1-graph with vertex set V and H is a geometric1-graph with
vertex set W, then G∼= H.

Note that the statement of this theorem does not requireV andW to be dense in
R

n, but only in a compact subset ofRn. It is not hard to see, using Lemma 1, that
there exists a step-isometry between two intervals(a,b) and(a′,b′) if their lengths
t1 = b−a andt2 = b′−a are not integers, and if⌊t1⌋ = ⌊t2⌋. Applying this fact to
each dimension, and using the above theorem, we obtain the following corollary.

Corollary 4. Let V and W be two countable sets inRd. Suppose that for each1≤
i ≤ d, the closuresVi andWi are intervals of length tV,i , tW,i , respectively, where
tV,i and tW,i are not integers, and⌊tV,i⌋ = ⌊tW,i⌋. Then there exists a step-isometry
between V and W. Moreover, if G is a geometric1-graph with vertex set V and H is
a geometric1-graph with vertex set W, then G∼= H.

Thus, for anyd-tuple(t1, t2, . . . , td) there is a unique isomorphism type of g.e.c. graphs
in ℓd

∞ with countable vertex set, corresponding to 1-g.e.c. graphs whose vertex sets
are dense in a setI1 × . . .× Id, where eachIi is an interval of lengthti + εi , and
0< εi < 1.

3.2 Properties of the unique limit

One question is to determine whether for distinct dimensionsd, the infinite random
geometric graphsGRd are non-isomorphic. We settle this question in the affirmative
here using a geometric property of metric spaces.

The equilateral dimensionof a metric spaceS is the maximum number of
equidistant points inS. In [30], it was proven that in a Banach space of dimensiond,
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the equilateral dimension is bounded above by 2d, and from below by min{4,d+1}.
The equilateral dimension ofℓd

∞ equals 2d (with the lower bound witnessed by the
set of binary vectors), while it equalsd+1 in Euclidean spaceℓd

2. Interestingly, the
equilateral dimension ofℓd

1 is unknown, and is claimed to be 2d in what is referred to
asKusner’s conjecture; see [24]. Note that the standard basis vectors and their neg-
atives witness the lower bound of 2d in theℓd

1 case. See [2] for further background
on equilateral dimension of theℓp spaces.

We utilize equilateral dimension in our graph theoretic setting via the following
definition. For a graphG and positive integert, define theequilateral clique number,
writtenω(G, t), to be the supremum of the cardinalities of a setA of vertices so that
every pair of distinct vertices inA have graph distance exactlyt. We first provide a
lower bound on the equilateral clique number for any geometric 1-graph inℓd

p.

Theorem 7.Let k be the equilateral dimension ofℓd
p, where d≥ 1 and1≤ p≤ ∞.

Then for any geometric 1-graph G with vertex set V dense inℓd
p, and for all t> 2,

we have thatω(G, t)≥ k.

Proof. Fix t ≥ 2. Choose a real numberε > 0 so that 5ε < 1. Let S be a subset of
ℓd

p so that|S|= k and every pair of distinct points inShave distance exactlyt +3ε.
For eachx∈ S, choose a vertexvx ∈V such thatd(x,vx)< ε. SetVS= {vx : x∈ S}.
For all vx,vy ∈VS, we have that

t + ε = d(x,y)−2ε < d(vx,vy)< d(x,y)+2ε = t +5ε < t +1.

Hence, we have that⌊d(vx,vy)⌋ = t, and so by Theorem 3, we have that the graph
distance ofvx to vy equalst. It follows thatω(G, t)≥ k. ⊓⊔

The following theorem proves that the graphsGRd are non-isomorphic for dis-
tinct dimensionsd.

Theorem 8.For all d ≥ 1 and positive integers t≥ 3, ω(GRd, t) = 2d.

Proof. Recall thatℓd
∞ has equilateral dimension 2d. It follows from Theorem 7 and

the facts thatGRd can be realized as a geometric 1-graph, , thatω(GRd, t)≥ 2d.
Now, to prove thatω(GRd, t)≤ 2d, we use induction ond ≥ 1. In fact, we prove

a stronger statement thatℓd
∞ does not contain 2d +1 points whose pairwise distance

lies strictly betweent andt +1. The result then follows by Theorem 3.
The cased= 1, is elementary, since one cannot find real numbersx, y, andzwith

the property that|x− y|, |x− z|, and|y− z| are all greater than 3, but differ by at
most 1. The proof ford = 1 now follows by Theorem 3.

Now, fix d≥ 1 and assume the statement is true ford= 1. LetA′ be a set of maxi-
mum cardinality inℓd

∞ such that for all pairsa,b∈ A′ we have that⌊d(a,b)⌋= t. For
all a= (a1,a2, . . . ,ad) ∈ A, let a′ be the projection onto the firstd−1 dimensions;
that is,a′ = (a1,a2, . . . ,ad−1). Assume, without loss of generality, that the origin is
an element of A, anda1 ≥ 0 for all a∈ A.

We set

A1 = {a∈ A : 0≤ ad <
t +1

2
},
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and

A2 = {a∈ A :
t +1

2
≤ ad < t +1}.

It is evident thatA1 andA2 partitionA. Without loss of generality, assume that|A1| ≥
|A2|, so |A1| ≥ |A|

2 . For all a,b∈ A1, by definition we have that|ad −bd|< t+1
2 < t,

and also thatd(a,b)≥ t.
Therefore, the distance betweena andb is not achieved in the last coordinate, so

d(a′,b′)≥ t, wherea′,b′ ∈ ℓd−1
∞ . Hence,A′

1, the projection ofA1 onto the firstd−1
coordinates, is a set of vertices inℓd−1

∞ such that for alla′,b′ ∈ A′
1, ⌊d(a′,b′)⌋= t. It

follows by induction that|A1| ≤ 2d−1 and so|A| ≤ 2|A1| ≤ 2d. ⊓⊔
We note that it is straightforward to prove thatω(GRd, t) =ℵ0, wheret = 1,2 (since
such graphs contain the infinite random graph as an induced subgraph).

Deleting a point from a dense setSwith the idf property inRn gives another dense
set with the idf property. As a consequence of Corollary 6, wehave the following
inexhaustibilityproperty.

Corollary 5 ([10]). For all d > 0 and vertices x in GRd, GRd − x∼= GRd.

The g.e.c. property may be used to prove a relationship between the graphsGRd

for differentd. SupposeV is a dense idf subset ofRd, andG a 1-geometric graph
with vertex setV (so G ∼= GRd). Let V∗ = {v ∈ V : 0 < vd < 1}. Then it is not
hard to see that the floor of the distance, and thus, the graph distance, between two
vertices is determined by the projection onto the firstd−1 dimensions. It follows
that the subgraph induced byV∗ is isomorphic to a 1-geometric graph whose vertex
set is the projection ofV∗ onto the firstd−1 dimension. By Theorem 5, this graph
is isomorphic toGRd−1, and since rounded distances are preserved, so are graph
distances. Hence, the embedding of this subgraph intoG is isometric. Applying this
argument repeatedly, we obtain the following theorem.

Theorem 9.For j < k, GRk contains GRj as an isometric induced subgraph.

A step-isometric isomorphismis an isomorphism of graphs that is a step-isometry.
The following corollary shows that the graphsGRn act transitively on step-isometric
isomorphic induced subgraphs.

Corollary 6 ([10]). Let G and H be finite induced subgraphs of GRd for some posi-
tive integer d. A step-isometric isomorphism f: G→H extends to an automorphism
of GRd.

4 Non-isomorphism results

The normed spaceℓd
∞ is rather special from the viewpoint of infinite random geo-

metric graphs. This notion will be rigorously explored in the next section. Here, we
are content to provide some results demonstrating that for some metric spaces, all
dense subsets are strongly non-Rado.
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4.1 The Euclidean metric in the plane

We first consider a result proved in [10]. The familiar Euclidean metric space in the
plane gives examples of strongly non-Rado sets.

Theorem 10 ([10]).If S is a countable set dense inℓ2
2, then S is strongly non-Rado.

The main tool in proving Theorem 10 is the following geometric lemma.

Lemma 2 ([10]).Let V andW be dense subsets ofℓ2
2. Then every step-isometry from

V to W is an isometry.

The lemma is proved by showing, using geometric configurations, that any small
“error” in the distances between the vertices leads inevitably to larger errors in the
distances between other pairs of vertices, and by repetition of the construction leads
to errors that exceed 1. This then contradicts the properties of a step-isometry.

An intuitive interpretation of how this lemma leads to the non-isomorphism result
is the following. Any isometry inℓ2

2 is determined by the images of three points in
general position. Any isomorphism between two geometric 1-graphsG andH must
be a step-isometry and thus, an isometry. Suppose thatG and H were generated
by the LARG process. We have countably many choices for the images, under an
isomorphism forG to H, of the first three vertices. Once these images are fixed, the
images of the remaining vertices ofG andH are completely determined. Thus, if
G andH are to be isomorphic, for each of the 2ℵ0 pairs of vertices,G andH must
agree on the existence of an edge between that pair.

4.2 Hexagonal metric

The hexagonal metric arises in the study of Voronoi diagramsand period graphs (see
[22]) in computational geometry, which in turn have applications to nanotechnol-
ogy. The hexagonal metric arises as a special case ofconvex polygonal (or polygon-
offset) distance functions, where distance is in terms of a scaling of a convex poly-
gon containing the origin; for example, see [5]. A precise definition of this metric
is given below. We note thathoneycomb networksformed by tilings by hexagonal
meshes have been studied as, among other things, a model of interconnection net-
works.

We now formally define the hexagonal metric. Consider the vectors

a1 =

(

1
0

)

,a2 =

( 1
2

1
2

√
3

)

, anda3 =

(

− 1
2

1
2

√
3

)

.

These are the normal vectors to the sides of a regular hexagon, as shown in Fig. 2.
We will calls the three line directions perpendicular toa1,a2,a3 theprincipal direc-
tions.
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aa

1

23

a

Fig. 2 The vectorsai are the normal vectors for the regular hexagon.

Forx∈ R
2 define thehexagonal normof x as follows:

‖x‖hex= max
i=1,2,3

|ai ·x|,

whereu ·v is the dot product of vectorsu,v. Thehexagonal metricin R
2 is derived

from the hexagonal norm, and defined by

dhex(x,y) = ‖x− y‖hex.

Note that the unit balls with the hexagonal metric are regular hexagons as in Fig-
ure 2. We denote the hexagonal metric bydhex.

Theorem 11 ([11]).Almost all dense sets inR2 with the dhex-metric are strongly
non-Rado.

The proof Theorem 11 uses the fact that any isomorphism between geometric
1-graphs with vertex setV must be a step-isometry. It is evident that for any point
v ∈ V, the ballsB(v,z) wherez∈ N, must berespectedby any isometryf ; that is,
any points inside the ballB(v,z) must have an image inside the corresponding ball
B( f (v),z). This fact can be used to show that any line with a principal direction and
going through a pointv ∈ V must also be respected. Moreover, any line at integer
distance from such a line must also be respected. Thus, a finite set of points inV
generates a grid of lines, all in principal directions, thatmust be respected. The re-
gions bounded by this grid are of positive area, so this in itself does not lead to a
contradiction. However, it can be shown that any line in a principal direction and
going through an intersection point of lines of this grid must also be respected. Ap-
plying this fact iteratively leads to the formation of a dense grid of lines which must
be respected, derived from only a finite number of points. Thus, any step-isometry is
determined by the images of a finite number of points. The non-isomorphism result
then follows along the same lines as in the previous case.
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5 Normed spaces

In [4], the notions of Rado and strongly Rado sets were introduced, along with gen-
eral results on the existence and non-existence of Rado setsin the setting of normed
spaces. One of the key results of [4] is the following theorem, which establishes the
special role ofℓ∞ in the theory of random geometric graphs. Arandom dense setis
a countable union of sets each chosen according to a Poisson point process [32].

Theorem 12 ([4]).Let S be a finite-dimensional normed space not isometric toℓd
∞.

Then almost every random dense set V is strongly non-Rado.

An analogue of Theorem 12 was proven in [12], using a different approach (in
particular, segmenting the cases into the polygonal and non-polygonal metric cases).

The results of Theorem 12 correspond to a special case of the following key
result. As proved in [4], for a finite dimensional normed space S, there exists a
unique maximal subspaceT isometric toℓd

∞ for some d, such that there is a subspace
U with S=U

⊕

T and
‖u+w‖= max{‖u‖,‖w‖}

for all u ∈ U andw ∈ T. This is referred to as theℓ∞-decomposition ofV, and is
written (U

⊕

ℓd
∞)∞.

Theorem 13 ([4]).Let S be a finite dimensional normed space withℓ∞-decomposition
(U

⊕

ℓd
∞)∞, and fix0< p< 1. Then the following hold.

1. If U = 0 in the ℓ∞-decomposition, then almost all countable dense sets V are
Rado, but there exist countable dense sets which are strongly non-Rado. Fur-
ther, there exist countable dense sets S for which the probability that two graphs
G,G′ ∈ LARG(V,1, p) are isomorphic lies strictly between 0 and 1.

2. If S=U, then all countable dense sets S are strongly non-Rado.
3. If d > 0 and U 6= {0} then almost all countable dense sets V are strongly

non-Rado, but there exist countable dense sets V which are Rado. Addition-
ally, there exist countable dense sets for which the probability that two graphs
G,G′ ∈ LARG(V,1, p) are isomorphic lies strictly between 0 and 1.

Item (1) in Theorem 13 covers the case where the metric space is ℓd
∞, which

we discussed in Section 3. Namely, almost all countable dense sets are idf, and
thus, the first part of the case follows from Theorem 5 (which proves the stronger
result that there is a unique isomorphism type for all countable dense sets that are
idf). The remainder of this case can be understood when we consider what happens
if V is not idf. In particular, suppose thatV contains a subsetW of points which
have only integer coordinates. Then any isomorphism must bean isometry onW
and must fixW. Hence, this restricts the possibilities for an isomorphism. We then
have a relationship between the probability that the graphsare isomorphic to the
probability that the subgraphs onW are isomorphic. The corresponding probability
can be zero, or it can be between 0 and 1, depending onW.
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Item (2) is a generalization of the results forℓ2
2 and the hexagonal metric dis-

cussed above. The proofs rely on the analysis of step-isometries, and their charac-
terization. The proofs employ results from functional analysis such as the Mazur-
Ulam theorem, and properties of extreme points in normed spaces. It is shown that
any step-isometryf is highly constrained. For example, as part of the proof, it is
shown thatf generates a lattice derived from the extreme points of the unit ball, and
that f must be an isometry on this lattice. The restrictions on step-isometries limit
the possibilities for an isomorphism, and the non-isomorphism result then follows
by an argument similar to the one sketched in the previous subsections. Item (3)
follows similarly. The fact that there exist Rado sets and sets that are neither Rado
nor non-Rado follows by construction of special sets where theℓ∞ component of the
space is somehow dominant for pairs of vertices in the set.

6 Open problems

The most fundamental question in the study of infinite randomgeometric graphs is
to classify Rado sets in all normed spaces. This problem was mentioned in [4], and
may be summarized as follows.

Problem 1[4]: Let V be a normed space withℓ∞-decompositionV = (U
⊕

ℓd
∞)∞

for somed > 1. Classify the countable dense Rado sets.

The infinite dimensional case is wide open. The second problem mentioned in
[4] is the following.

Problem 2[4]: Let V be an infinite dimensional normed space. Classify the count-
able dense Rado sets.

The most concrete example to consider here is the space of bounded sequences,
written ℓ∞

∞, which has dimensionℵ0. A challenge with the spaceℓ∞
∞ from our per-

spective is that it is not separable. Does such a space even contain Rado sets?
Notice that the LARG model easily adapts to any metric space.Theorem 1, which

states that graphs generated with the LARG model are g.e.c.,holds for any metric
space. However, the other results discussed here are all about normed spaces, and the
tools developed to prove the results apply only to such spaces. Perhaps the broadest
generalization of this line of research is to consider general separable metric spaces.

Problem 3: LetV be a separable metric space. Classify the countable dense Rado
sets.

The LARG model extends to the case of uncountable graphs; forexample, one
may consider the unit disk graph of uncountable dense subsets of the plane equipped
with the ℓ∞ metric. Infinite random geometric graphs where the underlying vertex
set is uncountable appear to be more challenging to study, and the classification of
such likely relies on various axioms of infinity in set theory. An interesting problem
is therefore, the following.

Problem 4: Are there are uncountable Rado sets in normed spaces?
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As a final remark, we point out possible connections with model theory. The in-
finite random graphR is the unique countably graph satisfying almost sure (first-
order) theory of graphs (see, for example, [31]). In relatedwork, McColm [26]
considered 0-1 laws forGilbert graphs, which in our terminology are finite graphs
generated by the LARG model withp= 1, where the underlying space is the one-
dimensional unit circleS1 (with metric the distance between reals modulo 2π). As
mentioned in [26], it would be interesting to establish whether there exist 0-1 laws
for the LARG model in certain metric spaces, and analyze the isomorphism types
of countable models of the almost sure theory. In particular, an intriguing question
is whether the infinite random geometric graphsGRd of dimensiond play an analo-
gous role to the one played byR in the almost sure theory of geometric graphs.
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