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Abstract

We investigate networks represented as hypergraphs and propose a generalizable statistical framework that
captures the relationship between their node degrees and hyperedge sizes. We test the presence of such
an association in 36 empirical hypergraphs from diverse domains, with a focus on social networks. Using
nested model comparisons, we classify each such relationship as linear, monotonic, non-monotonic, or absent.
Results reveal that true absence of this relationship is rare, while nearly half exhibit non-monotonic patterns.
We evaluate three correlation measures of this association and find that Pearson correlation best aligns with
relationship direction. We also consider three ways to capture this relationship (called: bipartite, node-
centric or edge-centric) and show that the bipartite one yields most consistent results. Beyond providing
empirical evidence, our results lay conceptual groundwork for linking static hypergraph structure to potential
dynamical processes, positioning degree–size correlations as a structural bridge between hypergraph topology
and function.

Keywords: empirical hypergraphs, node degree, hyperedge size, bipartite representation, Pearson correla-
tion, non-monotonic relationship

1 Introduction

In recent years, hypergraphs have emerged as a powerful generalization of traditional pairwise graphs [3, 33, 78],
particularly suited for modelling complex systems involving higher-order relationships [14, 72, 77, 104]. Unlike
standard dyadic networks where edges connect pairs of nodes, hypergraphs allow hyperedges to connect any
number of nodes, enabling a more expressive modelling framework [12, 15, 22]. This makes hypergraphs ideal for
capturing group interactions found in diverse social networks, such as co-authorship networks [84, 73], affiliation
or membership networks [31, 71, 107], social media [70, 6], social tagging [13], team sports [45, 83], but also
ecological systems [47] and joint protein interactions in biological networks [75].
Due to their growing importance, many structural and statistical properties of empirical hypergraphs have

been the focus of recent research [30, 65, 10]. Some of these measures, like node degree distribution [26], modu-
larity [54, 53, 55, 27], clustering coefficients [35, 2] or the Bonacich eigenvector centrality [19] have analogues in
traditional graphs [3, 76, 109, 17, 18, 36, 81, 80]. Others, such as hyperedge size distribution, node-hyperedge size
correlation or the simplicial closure [84, 13] are unique to hypergraphs and open new questions for exploratory
data analysis [1, 43]. Understanding these properties is essential for both descriptive purposes and for informing
the design of algorithms and models tailored to higher-order data.
Descriptive analysis of hypergraph properties is also of practical significance. Structural characteristics—such

as node degree distributions and hyperedge sizes—play a crucial role in shaping the dynamics of processes oc-
curring on these networks [16]. For example, the spread of information, opinions, or infectious diseases can
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behave qualitatively differently depending on whether the system is modelled as a traditional graph or a hyper-
graph [63, 102, 117, 62]. Consequently, understanding and quantifying key structural features of hypergraphs is
essential for developing accurate models of complex social systems.
In this paper, we propose and investigate a novel relationship in hypergraphs: between node degrees and

their hyperedge sizes. While this relationship is non-existent in standard graphs, where all edges connect exactly
two nodes, hypergraphs allow for nontrivial hyperedge size variability. This enables the study of correlations
between how many hyperedges a node participates in (its degree) and how large those hyperedges tend to be.
This important relationship has received limited attention in the literature.
From a theoretical perspective, we argue that degree–hyperedge size correlations constitute a previously

underexplored structural property of hypergraphs that complements higher-order notions of assortativity and
clustering. While classical assortativity describes how nodes connect to other nodes of similar activity, degree–size
correlations capture how individual activity levels are coupled to the scale of collective interactions. As such, they
provide a new lens for understanding participation, coordination, and resource allocation mechanisms in higher-
order social systems. Several generative and random models for hypergraphs explicitly analyze the distributions
of node degree and hyperedge size , often deriving these distributions in terms of model parameters. These
models show that the mechanisms governing hyperedge formation, such as preferential attachment or copying,
directly influence both node degree and hyperedge size distributions, and their interplay can lead to power-law
or other heavy-tailed behaviours in real-world hypergraphs [11, 49, 89].
A central objective of this work is to determine how correlations between node degree and hyperedge size

should be defined and measured. This task is not straightforward, as these quantities are inherently associated
with different types of objects: node degree is a vertex-level property, whereas hyperedge size is defined at the
level of hyperedges. Therefore it requires mapping these quantities into a common analytical domain, and differ-
ent such mappings lead to distinct interpretations serving different research questions. In some applications this
choice will be predetermined by the research objectives. However, often the user might not have a preference.
In our paper we address this by treating the choice of representation as a question to be evaluated empirically
rather than assumed a priori. To this end, we define and compare three alternative hypergraph representations
that bring node degrees and hyperedge sizes into a shared domain: node-centric, edge-centric, and bipartite
representations. Using classical correlation coefficients (Pearson, Spearman, Kendall) applied within each rep-
resentation, and 36 empirical hypergraphs from diverse domains, we assess the interpretability and semantic
alignment of the resulting correlations, with the goal of identifying the representation that provides the most
robust and informative characterization of degree–size correlations in empirical hypergraphs.
We aim to explore whether this relationship is consistently non-zero, and whether its strength and functional

form varies across semantic categories of hypergraphs. Such variation could help distinguish between types of
real-world systems and provides insight into the mechanisms governing participation and coordination in higher-
order interactions. For example, positive correlations may emerge in co-authorship networks [84], whereas
different patterns may arise in systems governed by other participation mechanisms.
We introduce a generalizable statistical framework for identifying and classifying node–hyperedge size rela-

tionships in empirical hypergraphs, filling a methodological gap in existing hypergraph analysis. Using nested
model comparisons, we classify each such relationship as linear, monotonic, non-monotonic, or absent. Distin-
guishing between these dependencies is not only methodologically relevant, but also theoretically informative:
non-monotonic relationships may signal saturation or dilution effects, where increasing participation does not
translate into proportionally larger group interactions, with potential consequences for coordination and diffu-
sion processes [108, 24].
Detecting systematic patterns in this relationship could inform the development of generative models of

hypergraphs [26, 27].Many current generative frameworks such as h–ABCD [56, 58] assume zero correlation
between node degree and hyperedge size. Incorporating flexible control over this correlation could improve the
realism of synthetic hypergraph models.
A core motivation for this study stems from the role that structural correlations play in governing collective

behaviour and dynamic processes. We argue that in higher-order systems, the relationship between an individ-
ual’s activity level (node degree) and their interaction environment (hyperedge size) represents a foundational
mechanism—essentially a missing dimension of higher-order assortativity and clustering. Unlike standard assor-
tativity, however, this mechanism is intrinsically higher-order, as it characterizes the coupling between individual
participation intensity and the size of the groups in which interactions occur.
Degree–size correlations may influence dynamical processes by shaping how individual activity is coupled to

group interactions. Positive correlations can create highly efficient transmission environments by concentrating
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activity in large groups, whereas negative or non-monotonic relationships may promote local reinforcement and
coordination within smaller groups. Consequently, identifying these correlations is a necessary first step toward
understanding their role in diffusion, contagion, and cooperation processes on hypergraphs. In addition to
characterizing empirical degree–hyperedge size relationships, we extend our framework conceptually by linking
these static structural correlations to their potential implications for dynamical processes on hypergraphs.
Specifically, we formulate a testable hypothesis that connects observed structural dependencies to diffusion
dynamics, thereby bridging empirical hypergraph structure with dynamical modelling.
In summary, this study pursues three objectives. First, from an empirical perspective, we aim to detect,

quantify, and classify the relationship between node degree and hyperedge size across diverse real-world
hypergraphs, and to assess how this relationship varies across semantic domains. Second, from a methodological
perspective, we systematically compare alternative representations , together with multiple correlation measures,
with the goal of identifying the representation that provides the most stable, interpretable, and semantically
aligned characterization of degree–size correlations. Third, from a theoretical perspective, we highlight that non-
zero degree–size correlations can influence dynamical processes on hypergraphs, thereby justifying their relevance
for modelling higher-order social systems. A systematic investigation of the implications of these correlations
for higher-order dynamics exceeds the scope of the present work. Together, these objectives position degree–size
correlations as a meaningful structural property of empirical hypergraphs and provide practical guidance for
their analysis.
The remainder of the article is organized as follows. In Section 2, we introduce the foundational concepts,

including hypergraph notation and key properties. Section 2.1 presents three data preprocessing strategies
designed to enable meaningful comparisons between node degree and hyperedge size. Section 2.2 introduces the
Eta-squared (η2) statistic for evaluating alignment with semantic groupings. In Section 2.3, we outline a nested
statistical testing procedure to classify the relationship between structural quantities. Section 2.4 summarizes
data sources and computing tools, while section 2.5 details the limitations and the scope of our study. The results
are presented in three parts. Section 3.1 evaluates and justifies the choice of the optimal data preprocessing
strategy. Section 3.2 investigates which correlation metric best captures global structural trends. Section 3.3
applies model-based tests to classify empirical hypergraphs by the type of relationship between node degree
and hyperedge size. In Section 4 we provide a detailed discussion of results and explore the potential impact
of the identified relationship on social dynamics, as well as discuss implications for generative hypergraph
models. Finally, conclusions and directions for future research are offered in Section 5. The Appendix includes
the proof of the covariance equivalence between preprocessing strategies (Subsection A.1) and provides detailed
background on the empirical hypergraph datasets used in this study, including semantic segments, node and
hyperedge interpretations, and descriptive statistics (Subsection A.2). It also documents implementation details
and computational complexity (Subsection A.3), defines the correlation measures employed (Subsection A.4),
and includes supplementary analyses referenced in the main text (Subsection A.5).

2 Notation, Methods & Data

In this section, we introduce the fundamental definitions, methods, and datasets that underpin our analysis of
structural patterns in empirical hypergraphs. We begin by formalizing hypergraph notation and its incidence
graph representation, which serves as the mathematical foundation for our computations (Section 2.1), together
with the data preprocessing strategies designed to enable meaningful comparisons between node degree and
hyperedge size. Subsequently, we present a method for evaluating the alignment between correlation values
and semantic segments using the η2 statistic (Section 2.2). We also describe a statistical procedure to classify
the functional relationship between node degree and hyperedge size (Section 2.3). Finally, we give the overview
of the empirical datasets used in this study and computational handling (Section 2.4), while the more detailed
discussion of these topics is provided in Appendix (Sections A.2 and A.3) together with the review of correlation
measures suitable for quantifying the statistical association (Section A.4). Lastly, limitations of the study is
presented in Section 2.5.

2.1 Hypergraph Notation and Data Preprocessing Steps

Understanding the relationship between node degree and hyperedge size in a hypergraph requires precise defini-
tions and careful data transformation. In this section, we formalize the notation used throughout the paper and
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describe three alternative preprocessing strategies that enable meaningful correlation and relationship analysis
between these two structural quantities.

Hypergraph and Its Bipartite Representation as an Incidence Graph A hypergraph is a generaliza-
tion of a graph in which edges, called hyperedges, can connect any number of vertices. Formally, a hypergraph
is defined as H = (V,E), where V = {v1, . . . , vn} is the set of vertices, and E = {e1, . . . , em} is the set of
hyperedges, with each ej ⊆ V [57].
To facilitate analysis, we use the bipartite representation of a hypergraph, also known as its incidence graph.

In social network analysis, bipartite graphs of this type are often referred to as affiliation networks, and are
also known as two-mode networks or membership networks, where one node set represents actors and the other
represents groups or events [20, 21, 64, 107]. This representation is information-preserving and equivalent to the
original hypergraph structure. Specifically, we define the incidence graph IG(H) = (V ′, E′), where the vertex
set V ′ = V ∪E includes both the original vertices and hyperedges of H, and edges E′ connect v ∈ V to e ∈ E if
and only if v ∈ e. This structure naturally yields an incidence matrix B = (bij) ∈ {0, 1}n×m, where each entry
bij = 1 if vertex vi belongs to hyperedge ej , and bij = 0 otherwise. Both H and IG(H) are fully recoverable
from this matrix.

Hypergraph Data Preprocessing Steps Let the degree of a vertex vi ∈ V be defined as the number of
hyperedges that include it, i.e.,

ki = deg(vi) =
∣∣{ e ∈ E : vi ∈ e }∣∣. (1)

Similarly, the size of a hyperedge ej ∈ E is given by

sj = |ej | =
∣∣{ v ∈ V : v ∈ ej }∣∣. (2)

To quantify the relationship between node degrees and hyperedge sizes, these measures must be defined in
the same domain. However, node degree is inherently a vertex-level property, while hyperedge size is defined
at the hyperedge level. Thus, we construct data pre-processing transformations to bring both into a common
domain for meaningful comparison.
To define a node-centric counterpart to hyperedge size, we compute for each node vi the average size of

hyperedges in which it participates:

s̄i =
1
ki

∑
j: bij=1

sj =

∑
j bij sj

ki
=

∑
j bij
∑
k bkj∑

j bij
. (3)

Algebraically, this corresponds to summing over the columns of the incidence matrix B for those hyperedges
ej that contain node vi, and dividing by vi’s degree. This defines the node-centric preprocessing step, which
produces a dataset of the form {(ki, s̄i)}ni=1. One may then compute, for example, the Pearson correlation
between node degree and average hyperedge size. This correlation reflects the expected hyperedge size for a
randomly chosen node (uniformly at random) that has above-average degree.
Analogously, we define a hyperedge-centric counterpart to node degree by computing, for each hyperedge

ej , the average degree of its participating nodes:

k̄j =
1
sj

∑
i: bij=1

ki =
∑
i bij ki
sj

=
∑
i bij
∑
k bik∑

i bij
. (4)

This amounts to summing over the rows of the incidence matrix B corresponding to nodes vi in hyperedge
ej , and dividing by the hyperedge size. This defines the edge-centric1 preprocessing step resulting in a dataset
{(k̄j , sj)}mj=1. The Pearson correlation between these quantities captures the expected degree of nodes involved
in a hyperedge with size above the average.
A third approach is the bipartite representation preprocessing step, based on the incidence graph IG(H) of

the hypergraph H, where nodes and hyperedges form two disjoint sets of vertices. This representation leads to a
dataset {(ki, sj) : bij = 1} defined over the edges of the bipartite graph. Here, one can compute the assortativity
1A more precise name would be hyperedge-centric preprocessing step, but for conciseness, we refer to it simply as edge-centric

throughout the text.
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coefficient as the Pearson correlation of the degrees of incident vertex pairs in the bipartite graph [79, 57]. This
statistic reflects the expected hyperedge size for a randomly sampled node–hyperedge pair, conditional on the
node having above-average degree.

2.2 Assessing the Alignment between Correlation and Hypergraph Segment

To evaluate how well different correlation designs align with semantic distinctions in hypergraph structure, we
employ the Eta-squared statistic (η2). This metric quantifies the proportion of variance in a continuous variable
that is explained by a categorical predictor, and is commonly interpreted as a measure of effect size in analysis of
variance (ANOVA) [93]. In our case, η2 captures how well a given correlation coefficient (e.g., between hyperedge
size and node degree) can be predicted based on the hypergraph segment to which it belongs.
Formally, let Yi denote the correlation value computed for the i-th hypergraph, and let Si be its segment

label (e.g., email, tag-question, etc.). Then, η2 is defined as:

η2 =
SSbetween
SStotal

=

∑G
g=1 ng(Ȳg − Ȳ )2∑N
i=1(Yi − Ȳ )2

, (5)

where G is the number of groups (segments), ng is the number of observations in group g, Ȳg is the mean
correlation in group g, and Ȳ is the overall mean. The numerator is the between-group sum of squares (SSbetween),
and the denominator is the total sum of squares (SStotal).
We consider nine correlation configurations, defined by the combination of three data preprocessing strategies

(edge-centric, node-centric, and bipartite representation) with three correlation measures (Pearson, Spearman,
and Kendall). For each configuration, a single correlation value is computed for each of the 12 hypergraph seg-
ments under study, which include: user-answer, physical contact, part-whole, diseases and genes, email, person-
place, political, participant-conference, user-review, drugs, tag-question, and user-thread.
To compute η2, we fit a linear model where the response variable is the correlation value and the predictor

is a one-hot encoded vector representing the hypergraph segment. The resulting η2 is equivalent to the R2 of
this model and indicates the proportion of variance in the correlation values that can be attributed to segment
identity. All η2 values reported in this paper were calculated in R using the etaSquared() function from the
lsr package [74].
A higher η2 signifies a stronger alignment between correlations and hypergraph segments. Thus, we use η2

as a criterion for selecting the optimal design of data preprocessing method and correlation measure that yields
the most segment-sensitive correlation values.

2.3 Statistical Identification of Relationship Type

This subsection outlines the statistical procedure used to classify the relationship between hyperedge size and
node degree into one of four categories: non-monotonic, monotonic (but not linear), linear, or no relationship.
This classification is later employed in the results Subsection 3.3. The identification procedure is model-based
and involves fitting three types of models to each dataset: (i) an unrestricted Generalised Additive Model
(GAM) [48, 112], (ii) a monotonic GAM, and (iii) a simple linear regression model estimated using ordinary
least squares (OLS) [37].
In this work, we define a monotonic GAM as a special case of a shape-constrained additive model (SCAM)

in which the smooth term is restricted to be either monotonically increasing or decreasing. To implement this,
we fit two SCAMs with a monotonic increasing constraint and another with a decreasing constraint. Then our
procedure selects the model with the lower residual sum of squares as the representative monotonic GAM. This
approach follows the methodology introduced by [91] and is implemented using the mgcv and scam packages in
R [112]. For general background on generalized additive models, we refer readers to [48].
The classification is conducted via a sequence of statistical comparisons using ANOVA tests for nested

models2 [39]. As illustrated in Figure 1, the procedure begins by comparing the unrestricted GAM to the best-
fitting monotonic GAM using an F -test. The null hypothesis (H0) states that the monotonic GAM sufficiently
explains the data; rejecting it (at α < 10−5) implies the presence of significant non-monotonicity, and the

2Alternative model-selection procedures based on information criteria, particularly BIC, could also be considered within this
sequential framework. However, we prefer nested hypothesis testing because our primary objective is to identify the underlying
relationship type rather than optimize predictive performance, for which criteria such as AIC are more commonly used.
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relationship is classified as non-monotonic. The choice of such a stringent significance threshold is motivated by
the large size of most empirical hypergraphs and the need to limit false discovery in favour of simpler models
unless the data strongly supports added complexity.

H0: monotonic GAM
H1: unrestricted GAM

Non-monotonic
relationship

H0: OLS
H1: monotonic GAM

Monotonic
relationship

H0: R2 = 0
H1: R2 > 0

Linear relationship

No relationship

p-value < α

p-value > α

p-value < α

p-value > α

p-value < α

p-value > α

Figure 1: Diagram illustrating the decision procedure for classifying the relationship between two variables
(hyperedge size and node degree) into one of four categories: non-monotonic, monotonic (but not linear), linear,
or no relationship. Decisions are based on successive ANOVA comparisons of nested models: unrestricted GAM,
monotonic GAM, and OLS.

If the null is not rejected in the first test, the relationship is assumed monotonic, and a second ANOVA
test compares the monotonic GAM to a linear OLS model. Rejection of linearity indicates a monotonic (but
non-linear) pattern. If the test fails to reject the linear model, a final F -test is performed to check whether the
linear model explains any significant variation in the data (i.e., whether R2 > 0). If this is not the case, the
relationship is classified as “no relationship.” Thus, the decision tree ensures a structured, conservative, and
data-driven assignment of relationship type.

2.4 Data and Computation Overview

Our analysis draws upon 36 empirical hypergraphs spanning diverse domains—including physical contact
networks, online user interactions, political affiliations, and biomedical associations. This breadth ensures that
observed statistical relationships are robust across domains and not artifacts of a single data type. Detailed
descriptions of all datasets, their assigned segments, and statistical summaries of node degrees and hyperedge
sizes are presented in Appendix A.2.
To process and analyze these datasets, we developed a flexible computational pipeline tailored to varied file

formats and scales. Hypergraphs were represented using sparse matrix structures to ensure memory efficiency
and speed. Different sparse formats were tested and selected based on input type and construction cost, with
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final conversion to CSR (Compressed Sparse Row) format to enable fast indexing and vectorized computations.
Our implementation makes use of Python libraries such as scipy, numpy, and, where applicable, numba for
optimization. All statistical analyses, including correlation computations, model fitting, and figure generation,
were performed using the R programming language [92]. The full technical details of data ingestion, matrix
construction, and performance considerations are documented in Appendix A.3.
All reproducible code used in this study, including both Python and R scripts for data processing, statistical

analysis, and figure generation, is available in the public repository: https://github.com/AleksanderWWW/
hypergraph-properties.

2.5 Limitations and Scope of Inference

While our analyses are systematic and transparent, the study has limitations. We outline these limitations
below to clarify the scope of our conclusions and inform future work.
Absence of causal or dynamical validation. The present study is limited to structural, cross-sectional

analysis and does not provide causal or dynamical validation of the observed correlations. As stated in the Con-
clusions, although degree–hyperedge size correlations may influence diffusion dynamics, this remains a testable
hypothesis. Empirical validation is complicated by confounding structural features that co-vary with degree–size
correlation in real datasets. Addressing this limitation will require generative hypergraph models that vary the
correlation in a controlled manner while holding other properties constant.
Dependence on static datasets. Our analysis is restricted to static hypergraphs, including datasets that

represent snapshots of potentially evolving systems and are therefore treated as effectively static. As a result,
temporal dependencies and structural evolution are not captured.
Assumptions of independence in statistical testing and model estimation. Observations in the

bipartite representation are not strictly independent, as multiple degree–hyperedge pairs may share the same
node or the same hyperedge. Such structural overlap induces correlations that violate classical independence
assumptions underlying regression and model comparison procedures. In the present analysis, we did not apply
clustering, resampling, or random-effects adjustments to account for these dependencies.
Beyond structural overlap, domain-specific mechanisms may introduce additional correlations. For example,

recurring organizational interactions, such as repeated mailing lists with identical recipient sets, can generate
clusters of nearly identical degree–size pairs. These correlated clusters may contribute to local fluctuations in
flexible models, potentially creating the appearance of greater functional complexity than is actually present.
Addressing these dependencies could be done by explicitly modelling shared nodes or hyperedges, or by applying
principled de-duplication or hierarchical modelling strategies.
Multiple testing. The analysis involves multiple hypothesis tests conducted across 36 empirical hyper-

graphs. Within each dataset, however, hypothesis testing follows a hierarchical and conditional procedure, with
at most three nested tests performed and, in most cases, fewer being decisive. In particular, datasets classified
as non-monotonic are determined by a single test, while those classified as monotonic rely on two tests. Accord-
ingly, although multiple testing influences cumulative Type I error, this bias is highly unlikely to influence the
main conclusions.
Domain imbalance and generalization. Although our study spans multiple semantic segments, includ-

ing email, physical contact, and online interaction datasets, domain representation is uneven. Consequently,
aggregate patterns may partially reflect properties of more frequently sampled domains, and shouldn’t be over-
generalized. That said, statistically detectable associations between node degree and hyperedge size are observed
across all analyzed segments, indicating that the phenomenon is not confined to a single domain.
Interpretability in large hypergraphs. In large datasets, even minor deviations from linearity may

become statistically significant, potentially complicating interpretation. To mitigate this risk, we adopted a
highly stringent significance threshold of α = 10−5 and provided complete scatterplots, fitted GAM curves, and
∆R2 measures of incremental explained variance for all datasets, allowing readers to assess whether detected
non-linearities reflect substantive structural patterns or merely statistically detectable fluctuations.

3 Results

This section is divided into three parts. In the first subsection 3.1, we justify the optimal choice of hypergraph
data preprocessing. In the second subsection 3.2, we delve into the selection of one of three correlation measures:
Pearson, Spearman, or Kendall. In the third subsection 3.3, we characterize the observed relationships. We
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Pearson Spearman Kendall

node-centric 0.5380 0.6062 0.4360
edge-centric 0.6096 0.4354 0.4360
bipartite representation 0.6656 0.6782 0.6605

Table 1: Eta-squared (η2) values measuring the proportion of variance in correlations values explained by the
hypergraph segment. Rows correspond to type of hypergraph data pre-processing, and columns indicate the
correlation type.

classify them into one of four categories: non-monotonic, monotonic (but non-linear), linear, or no apparent
relationship.

3.1 Methodological assessment I: comparison of preprocessing strategies

The goal of this subsection is to determine which hypergraph data preprocessing strategy is most suitable
for capturing the relationship between hyperedge size and node degree. The criterion for this comparison is
the alignment between the computed correlation values and the categorical segmentation of hypergraphs. This
alignment is quantified using the Eta-squared statistic (η2).

3.1.1 Comparing preprocessing strategies via η2

To compute the correlation between hyperedge size and node degree, two design choices must be made: the
hypergraph preprocessing method (node-, edge-centric, and bipartite) and the type of correlation coefficient
(Pearson, Spearman, and Kendall). These choices yield a total of nine (3 × 3) possible combinations. For each
such combination, a correlation value is computed for every hypergraph in the dataset. These correlation values
are then evaluated for their segment-level alignment using η2. Table 1 presents the η2 values for each combination
of hypergraph data preprocessing method (rows) and correlation measure (columns). Higher values of η2 indicate
stronger alignment between the correlation values.
The most striking observation is that the choice of data preprocessing method exerts the greatest influence on

η2. Across all three correlation measures, the bipartite representation consistently yields the highest η2 scores,
clearly outperforming both the node-centric and edge-centric approaches. Specifically, bipartite representation
achieves η2 = 0.6656 with Pearson, 0.6782 with Spearman, and 0.6605 with Kendall, all substantially higher
than their respective scores under alternative preprocessing methods. This robustness suggests that the bipartite
structure more faithfully preserves segment-level variability relevant to the correlation between hyperedge size
and node degree.
In contrast, the choice of correlation measure appears to matter less, especially within the bipartite setting,

where all three correlations perform comparably. This implies that once an appropriate data structure is chosen,
the precise choice of correlation coefficient has limited impact.

3.1.2 Explaining η2 values via within-segment variability in correlation estimates

To better understand the η2 values reported in Table 1, we visualize the distribution of correlation coefficients
within 12 hypergraph segments in Figure 5. The figure displays the variability of correlation values for six
selected combinations of data preprocessing method and correlation coefficient, i.e., all pairings of Pearson
and Spearman correlations3 with the three preprocessing strategies: node-centric, edge-centric, and bipartite
representation.
The figure illustrates how well each combination discriminates among the 12 hypergraph segments. Lower

variability in correlation values across hypergraphs within the same segment implies stronger between-group
effects, resulting in higher η2. A pattern emerges: the bipartite representation consistently shows low within-
segment variability across all 12 categories, regardless of whether Pearson or Spearman is used. This explains
its dominant performance in Table 1. For segments such as diseases and genes, drugs, email, part-whole,
user-review, and person-place, both correlations under the bipartite representation show minimal within-
segment variability, making them clearly superior to other combinations. For participant-conference,

3We omit Kendall’s τ for clarity, focusing on the two more commonly used and better-performing measures.
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user-answer and tag-question segments, all six combinations show tight clustering of correlation values.
In the largest physical contact segment, both bipartite and edge-centric preprocessing yield relatively consis-
tent correlation values, whereas node-centric shows a much wider spread. Only within the user-thread segment,
the node-centric view shows lower variability than a bipartite representation. These patterns reinforce the ad-
vantage of bipartite preprocessing for producing stable, segment-discriminative correlation estimates across a
diverse range of hypergraph types.

3.1.3 Segment-level patterns and consistency of Pearson correlations across preprocessing strate-
gies

A deeper analysis comparing three data preprocessing strategies is provided in Figure 6 in Appendix A.5. It
compares the three preprocessing strategies by examining pairwise relationships between their Pearson corre-
lation estimates. The bipartite representation shows moderate but consistent agreement with both node- and
edge-centric approaches (R2 ≈ 0.60), while node- and edge-centric correlations are less aligned (R2 = 0.34),
reflecting structural differences in how each method aggregates information. The theoretical basis for these em-
pirical relationships is discussed in Section 4.1. Distributional analysis confirms that bipartite correlations are
the most stable and tightly clustered.
To further understand the behaviour and consistency of correlation estimates across different preprocessing

steps, we examine Pearson correlation values with their 95%-CI for all hypergraphs, computed under three data
preprocessing methods: node-centric, edge-centric, and bipartite representation in Figure 2. The hypergraphs
are sorted by decreasing Pearson correlation under bipartite representation. This ordering allows us to visually
identify clusters of hypergraphs that exhibit similar correlation structure, both in magnitude and in sign.
Several coherent segment-level patterns emerge. For instance, the physical contact segment, comprising

hospital-lyon (r = 0.337), contact-high-school (r = 0.180), contact-primary-school (r = 0.089), InVS13
(r = −0.030), InVS15 (r = 0.020), Malawi-village (r = 0.034), and Science-Gallery (r = 0.086), appears
mostly in the upper half of the ranking, exhibiting generally positive Pearson correlations under bipartite
representation. Similarly, the Drugs segment: NDC-classes (r = 0.191) and NDC-substances (r = 0.091), and
the user-thread group: threads-ask-ubuntu (r = 0.104), threads-math-sx (r = 0.099), twitter (r = 0.035),
also cluster together with consistently positive correlation values.
Conversely, several hypergraphs appear at the lower end of the ranking with negative correlation values.

These include disgenenet (r = −0.166) and diseasome (r = −0.067) from the Diseases and genes seg-
ment; geometry (r = −0.129) and algebra (r = −0.0968) from user-answer; and 3 hypergraphs from the
user-review segment, including music-blues-reviews (r = −0.132), restaurant-reviews (r = −0.079), and
vegas-bars-reviews (r = 0.037), which show weak to moderately negative or near-zero correlations. These
trends illustrate how semantic categories often align with shared correlation patterns, hinting at underlying
structural regularities that will be explored further in the following analyses.

3.2 Methodological assessment II: comparison of correlations coefficients

This subsection aims to provide practical guidelines for selecting the most appropriate correlation measure, once
the bipartite representation has been adopted as the preprocessing method, as recommended in Section 3.1. As
shown earlier in Table 1, the η2 scores do not provide a decisive basis for choosing among Pearson, Spearman,
and Kendall. In the bipartite setting, all three perform comparably. To resolve this ambiguity, we proceed with
a more detailed investigation focused on comparing Pearson and Spearman coefficients4. Our analysis is based
on the alignment of their signs with the global trends identified by monotonic GAM models.
Additionally, quantitative comparison of Pearson and Spearman correlations – detailed in Appendix A.5.2

– shows a strong alignment overall, with R2 = 79%, showing rather modest quantitative differences. However,
identified there qualitative discrepancies in sign between Pearson and Spearman are especially consequential
and motivate the subsequent part of paper.

3.2.1 Assessing Alignment Between GAM Monotonicity and Correlation Coefficients’ Signs

We propose an additional criterion that is not captured by η2: the degree to which the sign of a correlation
coefficient reflects the global trend in the data. This trend is determined using monotonic GAMs, fitted separately

4Since Spearman and Kendall are almost perfectly correlated in our dataset, with over 99% agreement, we focus only on Spearman
as a representative of the nonparametric class.
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under increasing and decreasing shape constraints, see Section 2.3. Although Pearson measures linear dependence
and Spearman/Kendall monotonic relationships, we observe in following subsection 3.3.2 that approximately
half of the empirical hypergraphs exhibit complex, non-monotonic relationships, often with a clear dominant
trend. For such cases, it is desirable that the sign of the selected correlation coefficient be aligned with the
direction of this dominant trend.
To operationalize this, we classify each empirical hypergraph in two ways. First, based on the correlation coef-

ficient (Pearson, Spearman), we assign it to one of three categories: (i) significantly negative, (ii) non-significant,
or (iii) significantly positive. Second, based on the monotonic GAM fit, we classify it into: (i) decreasing trend,
(ii) no significant trend, or (iii) increasing trend. The alignment between these two classifications is evaluated
using contingency tables in Table 2.

Sign of GAM direction Sum
Pearson Dec. Non-sign. Inc.

Negative 16 0 0 16
Non-sign. 3 3 1 7
Positive 0 0 13 13

Sum 19 3 14 36

(a) Pearson correlation.

Sign of GAM direction Sum
Spearman Dec. Non-sign. Inc.

Negative 8 0 0 8
Non-sign. 8 2 0 10
Positive 3 1 14 18

Sum 19 3 14 36

(b) Spearman or Kendall correlations.

Table 2: Contingency tables comparing the sign of correlations with the direction of monotonicity inferred from
monotonic GAMs. Statistical significance evaluated at α = 10−5.

In both panels of Table 2, all 36 empirical hypergraphs are classified according to the monotonicity direc-
tion inferred from monotonic GAM fits (columns). According to this classification, the majority, 19 out of 36
hypergraphs (approximately 53%), exhibit a statistically significant decreasing relationship between hyperedge
size and node degree in bipartite representation. A slightly smaller group, 14 hypergraphs (39%), shows a sta-
tistically significant increasing relationship. Only 3 hypergraphs (about 8%) are found to have no statistically
significant monotonic trend at a stringent threshold of α = 0.00001. Next, we evaluate how these GAM-derived
trend directions align with the sign of Pearson, and Spearman.

Alignment Between GAM Monotonicity and Pearson Sign The left panel of Table 2 compares the
GAM monotonicity classification with the sign of Pearson correlations. The most common group consists of
hypergraphs with negative correlations, 16 out of 36 cases (approximately 44%), all of them belong to 19 hyper-
graphs that monotonic GAM classifies as decreasing. The second most frequent group comprises hypergraphs
with significantly positive Pearson correlations—13 out of 36 (36%), again, all of them belong to 14 increasing
trend cases identified by the GAM. The least represented group consists of non-significant Pearson correlations,
occurring in 7 hypergraphs, while GAM identifies only 3 hypergraphs with no significant monotonicity-all of
these 3 hypergraphs belong to 7 hypergraphs indicated by Pearson correlation. In total, the alignment between
Pearson sign and monotonic GAM direction is 32 out of 36 cases (about 89%).
The 4 misaligned cases are all classified as non-significant by Pearson (second row), while GAM assigns 3 of

them (house-committees, senate-committees, diseasome as visible in Table 7) to the decreasing category and
1 (email-enron) to the increasing category. The Pearson coefficients for these four hypergraphs are all close
to zero: −0.0669 (diseasome), −0.0483 (senate-committees), −0.0365 (house-committees), and −0.0024
(email-enron), see Table 7. While these values are not significant at α = 0.00001, three out of four are
significant at a more conventional threshold of α = 0.05, with p-values of 0.0260, 0.8720, 0.0000713, and 0.00038,
respectively. If we relax the significance threshold to α = 0.05, the total alignment between Pearson and
monotonic GAM increases to 35 out of 36 hypergraphs (approximately 97%). Moreover, this change would
also reclassify three other hypergraphs, amazon, InVS13, and vegas-bars-reviews, from non-significant sign
of Pearson to either increasing or decreasing, again in agreement with the GAM classification. Thus, under a
more conventional α = 0.05 threshold, the alignment remains consistently high at around 97%.

Alignment Between GAM Monotonicity and Spearman and Kendall Signs Turning to the right
panel of Table 2, Spearman and Kendall coefficients exhibit notably lower alignment with the monotonic GAM
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direction, with only 24 out of 36 hypergraphs (67%) classified in agreement. While these non-parametric co-
efficients correctly identify all 14 cases with an increasing trend, they misclassify 11 out of 19 hypergraphs
with a decreasing trend—labeling 8 as non-significant and, in 3 cases, incorrectly assigning them a statistically
significant positive correlation.
Notably, three hypergraphs—kaggle-whats-cooking, house-bills, and email-eu—are assigned an oppo-

site classification. While monotonic GAM identifies these relationships as decreasing, Spearman and Kendall
both indicate statistically significant positive correlations. The corresponding Spearman values are 0.014, 0.031,
and 0.037, and the Kendall values are 0.009, 0.020, and 0.024, respectively. Although these correlation values
are small and only marginally above zero, they are statistically significant at a stringent significance level of
α = 0.00001.
These examples are particularly striking, as they not only indicate opposite directional trends but do so

with very low p-values, which may lead to overconfident and misleading conclusions. Visually, the relationships
in these cases appear strongly non-monotonic or globally trending in the opposite direction, further reinforcing
the argument that nonparametric coefficients may fail as reliable indicators of global trend direction. The
additional two hypergraphs: dblp and SFHH-conference, are also misaligned in the direction of the correlation
sign significant at α = 0.01, see Table 7.
A total of five hypergraphs where Spearman and Kendall correlations exhibit a statistically significant sign

opposite to the monotonic trend identified by GAM at the α = 0.01 level. This underscores a substantial
limitation in using nonparametric correlation coefficients as standalone indicators of relationship direction in
empirical hypergraph data.

3.2.2 Interpretation Corner: Segment-Level Monotonicity Patterns

Given the empirical nature of the hypergraphs under analysis, we now aim to interpret the observed relationship
signs through the lens of what hyperedges and nodes represent in each case. This interpretation goes beyond
pure measurement and offers rationale grounded in the semantics of each dataset.
Figure 3 presents the frequency of monotonicity directions (increasing, decreasing, or non-significant) de-

tected by monotonic GAMs, grouped by hypergraph segment. The figure reveals strong homogeneity of GAM
monotonicity direction within hypergraph segments: 10 out of 13 categories exhibit perfect consistency in
trend direction across all included hypergraphs. Of the remaining three, two segments (Physical Contact
and User-review) contain a single outlier hypergraph (InVS13 and vegas-bars-reviews, respectively), both
classified as non-significant.
Positive monotonic trends dominate several hypergraph categories, including Physical Contact, User-

Thread, Tag-Question, and Drugs. In the Physical Contact segment, nodes represent individuals equipped
with sensors, and hyperedges correspond to physical group interactions over brief time intervals. An individual
participating in larger group interactions (high hyperedge size) is likely to engage with more people overall,
thus appearing in more interactions (high node degree). Hence, larger hyperedges naturally imply higher node
degrees, leading to a positive correlation.
Several hypergraph segments exhibit a dominant negative monotonic trend between hyperedge size and node

degree, particularly the Political, Participant-Conference, and Person-Place categories. In the Politi-
cal segment, such as house-bills and house-committees, nodes represent political actors (e.g., members of
Congress), and hyperedges represent either legislative bills or committee memberships. A negative relationship
in this context indicates that politicians involved in large coalitions (e.g., large bills with many cosponsors) tend
to participate in fewer overall bills. This aligns with political specialization: high-frequency participants may fo-
cus on narrow, small-scale initiatives, while those contributing to large, broad coalitions do so more occasionally.
Moreover, committee memberships are often limited in number due to institutional constraints, and members
of large committees may serve on fewer committees overall, reinforcing the observed inverse relationship.
This interpretive analysis demonstrates that the direction of monotonic relationships observed between hy-

peredge size and node degree is not random but meaningfully structured across semantic hypergraph segments.
The strong within-segment consistency in monotonic direction, along with interpretable domain-based ratio-
nales, supports the validity of our classification procedure. More broadly, these results highlight the importance
of domain-specific interpretation. While the existence of a systematic relationship between node degree and
hyperedge size appears to be a common feature of empirical hypergraphs, its direction and functional form vary
substantially across application domains. Consequently, our findings should not be interpreted as supporting
a universal positive or negative dependence. Rather, the semantic meaning of nodes and hyperedges appears
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Figure 3: Frequency of monotonic trend by hypergraph category. Each horizontal bar shows the count of hyper-
graphs in that category with an increasing (Inc.), decreasing (Dec.), or non-significant (Non-sign., if neither an
increasing nor a decreasing GAM model fits significantly better than a flat baseline) monotonic GAM fit.

to play a central role in determining whether the relationship is increasing, decreasing, linear, monotonic, or
non-monotonic.

3.3 Empirical assessment: Prevalence of degree–hyperedge size relationships

The goal of this subsection is to shift the focus from a quantitative summary to a qualitative understanding of
the relationship types observed across empirical hypergraphs. We classify each of the 36 empirical hypergraphs
into one of four qualitative categories that characterize the nature of the relationship between hyperedge size and
node degree: (1) non-monotonic (including unimodal or multimodal patterns), (2) monotonic, (3) linear, and
(4) no relationship. This classification is carried out using the statistical procedure introduced in Subsection 2.3,
which combines models’ fitting with sequential hypothesis testing.

3.3.1 Examples of Identified Relationship Types

In this subsection, we present four representative hypergraphs, each illustrating one of the relationship types
identified in our classification scheme. We begin with the most complex case of non-monotonic relationship and
proceed through monotonic and linear examples, concluding with a case of no apparent relationship.

Non-monotonic Relationship Figure 4a displays the scatterplot for email-eu, which consists of 89,409 data
points in its bipartite representation. The unrestricted GAM (blue solid line) reveals a complex, multimodal
structure, characterized by several statistically significant fluctuations, as evidenced by the narrow confidence
intervals5 estimated at a significance level of α = 0.05. These complex fluctuations may stem from dependencies
among observations, violating the assumption of independence, which is discussed in Section 2.5.
Visual inspection of Figure 4a, along with the monotonic GAM fit (green dashed line), suggests a globally

decreasing relationship, consistent with the negative linear regression line and Pearson coefficient of −0.084.
Nevertheless, both the Spearman and Kendall coefficients are positive (0.037 and 0.024, respectively), which
likely results from the initial upward trend for small hyperedge sizes.

5Confidence intervals are computed under the assumption that observations are independent. This assumption is discussed in
section 2.5. CIs are derived analytically as Wald-type intervals using model-based standard errors from fitted generalized additive
models [48], as implemented in the mgcv package [25, 112].
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Figure 4: Four types of relationships between hyperedge size and node degree: non-monotonic (top left), mono-
tonic (top right), linear (bottom left), and no relationship (bottom right).
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To formalize this “non-monotonic” classification, we focus on the top-left inset of Figure 4a, which displays
two ANOVA tests and one F -test as per our methodology. The first ANOVA test compares an unconstrained
GAM (blue line) against a monotonic GAM (green line), with the null hypothesis assuming equivalence. The
unconstrained GAM fits data better by ∆R2 = 1.99% (p-value< 10−5) than the constrained model, revealing
a non-monotonic pattern. As the result of this first test is decisive, the procedure terminates at this step,
classifying the relationship as non-monotonic. The other two test results are reported for completeness but do
not affect the classification.
Importantly, the reported ∆R2 values allow us to move beyond binary significance testing and assess the

practical importance of each component of the relationship. In the example shown in Figure 4a, the OLS model
explains only R2 = 0.71% of the variance. Allowing for a non-linear but monotonic relationship contributes
an additional ∆R2 = 0.52%, increasing the total explained variance to 1.23%. In contrast, allowing for non-
monotonicity contributes a further ∆R2 = 1.99%, increasing the total explained variance to 3.22%. Thus, the
non-monotonic component accounts for the largest share of explained variance in this example. This decompo-
sition demonstrates that the identified non-monotonicity is not only statistically significant but also practically
relevant, contributing substantially more explanatory power than either the linear or monotonic components.
More generally, the reported ∆R2 values provide an interpretable measure of how much additional structure
is captured by increasingly flexible models and therefore complement the formal hypothesis tests used for rela-
tionship classification.

Monotonic Relationship Figure 4b shows an example of a monotonic relationship in the email-W3C hyper-
graph. Visually, the unconstrained GAM (blue line) closely follows the monotonic GAM (green line). The visual
similarity and overlapping confidence intervals suggest that the additional flexibility of the unconstrained GAM
is unnecessary. This is confirmed by the first ANOVA test, which yields a high p-value, indicating no significant
difference of ∆R2 = −0.01% between the models. Following our procedure, we proceed to test whether a simple
linear regression (dotted red line) could adequately describe the data. Here, the regression line visibly diverges
from the monotonic GAM fit “losing” non-negligible ∆R2 = 0.86% being statistically significant at p-value
= 1.5 × 10−26, confirming that a linear model is insufficient. Therefore, the final classification is monotonic.
No further testing is required. The monotonic relationship illustrates a potential capacity constraint of e-mail
users, resulting in a trade-off between sending many e-mails to a small number of recipients (< 5) and sending
fewer e-mails to larger groups (­ 5).

Linear Relationship The hospital-lyon hypergraph, depicted in Figure 4c, provides a clear example of a
linear relationship. This dataset captures group interactions among healthcare workers and patients. Model fits
show a consistent positive trend: individuals involved in larger group interactions tend to accumulate more total
interactions. This proportional relationship implies that, for instance, knowing X times more people results in
≈ X times more interactions. This aligns with intuition in the hospital setting, where participation in larger
gatherings, such as rounds or shift changes, implies broader involvement.
Formal testing support the linear interpretation. The first ANOVA test comparing the unconstrained GAM

and a monotonic GAM yields ∆R2 = 0.00% and p-value close to 1, suggesting no evidence against monotonicity.
A second ANOVA test comparing the monotonic GAM to a linear model produces ∆R2 = 0.11% and a p-value
of 0.012. Under our stringent significance threshold of α = 0.00001, this result is not sufficient to reject the
linear model. Additionally, a comparison between the linear fit and a constant mean model strongly favours the
former (with R2 = 11.37% and a p-value of 4× 10−118), reinforcing the classification as a linear relationship.

No Relationship Figure 4d illustrates a case of no significant relationship in the vegas-bars-reviews
hypergraph. This dataset captures Yelp users (nodes) who reviewed the same bar in Las Vegas within a one-
month period (hyperedges). The number of reviews per bar per month (i.e., hyperedge size) ranges from 2 to
73, while individual users have submitted between 1 and 147 reviews overall, with an average of 9.6. Despite
this wide variability, the relationship between the number of reviews a bar receives in a given month and the
total number of reviews submitted by its reviewers appears to be flat, with no clear trend.
This is confirmed through a sequence of statistical tests. The first ANOVA test comparing an unconstrained

GAM to a monotonic GAM yields a ∆R2 = 0.01% and p-value of 0.065, suggesting limited evidence against
monotonicity. The second test comparing the monotonic GAM to a linear model produces a ∆R2 = 0.04% and
p-value of 0.016, indicating that the linear model fits the data sufficiently well. However, an F -test comparing
the linear model to a constant mean returns a R2 = 0.14% and p-value of 4.6 × 10−5, leading to the rejection
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of the linear model under our strict significance threshold of α = 0.00001. Thus, despite a slight upward trend
suggested by the positive Pearson correlation (r = 0.037), the final classification for this configuration is “no
relationship.” It is worth noting that under a more conventional threshold (e.g., α = 0.01), the relationship
would be classified as linear.
From an interpretive standpoint, one might expect a weak positive relationship in this setting. Bars that

attract many reviewers in a given month may be more popular or prominent, and such venues are likely to be
visited and reviewed by more active Yelp users, who tend to submit reviews more frequently overall. However,
the noisy nature of user behaviour, varying reviewing habits, and the casual context of online review platforms
likely dilute any clear structural trend, resulting in only a mild correlation that fails to reach significance under
strict criteria. This suggests that months with a higher volume of reviews are not driven by systematically more
or less engaged users; rather, review activity appears to be generated by users with similar levels of engagement
across months.

3.3.2 Distribution of Relationship Types

This subsection reports the distribution of the four identified relationship types across the 36 empirical hyper-
graphs and provides inferential insight into what might be expected in the broader population of hypergraphs.
Table 8 in the Appendix presents, for each hypergraph, the size effects ∆R2 of competing models and its p-

values from the three statistical tests and the relationship type classification. To summarize these detailed results,
Table 3 shows the empirical distribution of relationship types across the dataset. Among the 36 hypergraphs, only
3 (8.3%) exhibit no discernible relationship between hyperedge size and node degree. A majority of hypergraphs
(18/36, 50%) show a monotonic relationship (including linear), while the remaining 15 (41.7%) demonstrate a
non-monotonic relationship. This distribution already provides strong empirical evidence against no relationship
in real-world hypergraph data.

Relationship Type Count Share (%) Cumulative Share (%)

No relationship 3 8.3 8.3
Linear 6 16.7 25.0
Monotonic 12 33.3 58.3
Non-monotonic 15 41.7 100.0

Table 3: Distribution of four identified relationship types—non-monotonic, monotonic, linear, and no relation-
ship—across 36 empirical hypergraphs.

Although the use of a highly stringent significance threshold of α = 10−5 is non-standard, it is adopted
deliberately to reduce the likelihood of false positives and to reinforce the robustness of our classifications in the
presence of large datasets under extremely conservative inference. Such a low threshold strongly favours simpler
explanations, including linear or even non-existent relationships. Despite this, under α = 10−5 only three out
of 36 empirical hypergraphs are classified as exhibiting no relationship, while the majority already display
statistically detectable dependencies that are predominantly non-monotonic and non-linear. To complement
this conservative analysis, we additionally report the same classification using a more conventional threshold
of α = 0.05. Under this standard choice, the number of hypergraphs classified as exhibiting no relationship
decreases from three to zero, and the number classified as linear decreases from six to two, while the number
of non-monotonic relationships increases from 15 to 21, corresponding to 58.3% of all empirical hypergraphs.
This comparison shows that non-existent relationships between node degree and hyperedge size are very rare,
and that the prevalence of non-monotonic and non-linear relationships is not an artifact of liberal significance
testing but persists, and indeed becomes more pronounced, under standard inference.
To generalize beyond our finite sample, we conduct Bayesian inference using non-informative uniform priors

and derive posterior Beta distributions for selected proportions. Specifically, we compute Bayesian Credible
Intervals (BCIs) for the fractions of hypergraphs showing no relationship and those showing non-monotonic
relationships. For the “no relationship” category (3 out of 36), the posterior mean is 10.5%, with a 95% BCI of
(3.0%, 21.9%) and a more conservative 99% BCI of (1.9%, 26.6%). These intervals suggest that, in the general
hypergraph population, the fraction of cases with no relationship is likely below 25%, reinforcing the idea that
such cases are relatively rare.
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Conversely, the proportion of non-monotonic relationships is estimated at 42.1% (posterior mean), with a
95% BCI of (27.1%, 57.9%) and a 99% BCI of (22.0%, 62.7%). This indicates that non-monotonic relationships
may not only be common but could even constitute the majority in the broader population. Taken together,
these findings highlight the prevalence and diversity of structural dependencies in real-world hypergraphs and
call into question modeling assumptions that treat group size and individual connectivity as unrelated.
Given this empirical evidence, it would be misleading to assume that no relationship exists between hyperedge

size and node degree in a randomly chosen hypergraph. On the contrary, one should generally expect at least a
monotonic relationship, if not a more complex, non-monotonic pattern.

4 Discussion

4.1 Methodological result I: bipartite representation as the preferred preprocess-
ing strategy

Our first and major methodological result is that the bipartite representation is the preferred preprocessing
strategy for capturing the relationship between hyperedge size and node degree , as demonstrated in Sec-
tion 3.1. Below, we discuss why the choice of a preprocessing strategy is both relevant and not a priori obvious,
summarize the empirical evidence supporting the bipartite representation, examine the theoretical relationships
between the three considered approaches, and clarify the interpretational scope and appropriate use cases of
each preprocessing strategy.

The choice of preprocessing strategy is not a priori obvious. Each of the three strategies considered
in this study corresponds to a distinct sampling perspective and addresses a different structural research ques-
tion. The node-centric and hyperedge-centric approaches are not merely technical alternatives to the bipartite
representation, but meaningful summaries in their own right, capturing the behaviour of a typical node or a
typical hyperedge, respectively. Although there are conceptual arguments favouring bipartite representations,
such as their non-lossy nature and the symmetric treatment of nodes and hyperedges, these arguments alone do
not determine which preprocessing strategy is most appropriate for empirical analysis. Consequently, without
systematic evidence, it remains unclear which representation should be preferred in practice.

Empirical evidence supporting the bipartite representation. As was demonstrated in Section 3.1.1,
a bipartite representation consistently yields the highest Eta-squared (η2) values — our evaluation criterion
— across all 3 correlation measures, i.e. Pearson, Spearman, or Kendall, indicating strong alignment with the
semantic segmentation of hypergraphs and low within-segment variability (Section 3.1.2). While the choice of
correlation coefficient has some influence on Eta-squared, it is secondary to the choice of representation: in
the bipartite framework, all three correlation coefficients yield similar results. These findings emphasize that
selecting an appropriate preprocessing method, i.e., the bipartite representation, is more crucial than the specific
correlation measure when summarizing the hyperedge size–degree relationship.

Theoretical relationship between preprocessing strategies. The three preprocessing strategies consid-
ered in this study are theoretically linked through the structure of the hypergraph incidence matrix. This con-
nection is already apparent empirically. As shown in Section 3.1.3, pairwise comparisons of Pearson correlation
coefficients obtained under different preprocessing strategies reveal a clear positive association. In particular,
Pearson correlations derived from the bipartite and edge-centric (or node-centric) representations exhibit a
coefficient of determination of R2 ≈ 0.60, indicating a moderate but systematic alignment between bipartite
representation and two other approaches. Here, we provide a theoretical explanation for this empirical relation-
ship by focusing on the Pearson correlation coefficient and showing that its covariance term admits an exact
correspondence across preprocessing strategies once appropriate weighting is applied.
It can be shown (see Appendix A.1) that the covariance between node degree ki and hyperedge size sj

computed under the bipartite preprocessing is equivalent to the covariance between ki and the node-averaged
hyperedge size s̄i in the node-centric representation, provided that nodes are weighted by their degree, that is
wi = ki. An analogous identity holds between the bipartite and hyperedge-centric representations, where the
same bipartite covariance can be expressed as a size-weighted covariance between the hyperedge-averaged degree
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k̄j and the hyperedge size sj , with weights wj = sj . Together, these relationships yield the following covariance
identities:

Cov(i,j): bij=1
(
ki, sj
)
= Covni=1 ;wi=ki

(
ki, s̄i
)
= Covmj=1 ;wj=sj

(
k̄j , sj

)
. (6)

Here s̄i =
∑
j bijsj/ki and k̄j =

∑
i bijki/sj , with node and hyperedge weights given by wi = ki and wj = sj ,

respectively. Equation (6) establishes an exact equivalence between the three preprocessing strategies at the
level of covariances.
Despite the above correspondence for covariances, no such general relationship exists for the variances appear-

ing in the denominator of the Pearson correlation coefficient. As a consequence, Pearson correlation coefficients
obtained from different preprocessing strategies are not exactly related through weighting. Nevertheless, because
the Pearson denominator is always positive, the weighted-covariance equivalence implies that, after applying
the appropriate weighting, the signs of the corresponding Pearson coefficients are consistent across approaches.

Interpretational differences and methodological choice. Each preprocessing strategy corresponds to a
distinct sampling perspective and therefore answers a different structural question. The node-centric prepro-
cessing characterizes the behaviour of a typical node, while the hyperedge-centric approach focuses on a typical
hyperedge. The bipartite preprocessing, by contrast, corresponds to uniformly sampling node–hyperedge inci-
dences and quantifies assortative mixing at the level of individual memberships. This perspective is particularly
appropriate when the goal is to characterize degree–size dependence as an emergent structural property of the
hypergraph rather than as an average property of nodes or hyperedges. At the same time, when the research
question explicitly concerns typical nodes or typical hyperedges, the alternative preprocessing strategies remain
meaningful and appropriate. From this viewpoint, the three approaches should be regarded as complementary
rather than competing, with the bipartite representation being preferred when no single perspective is clearly
privileged.

4.2 Methodological result II: Pearson correlation as the preferred measure of de-
pendence

A second methodological result concerns the choice of a correlation coefficient for summarizing the relationship
between hyperedge size and node degree. Although Pearson, Spearman, and Kendall correlations achieve com-
parable segment-level alignment as measured by η2 (ranging from 0.66 to 0.68 under bipartite preprocessing; see
Table 1), they differ substantially in how reliably they capture the direction of the global relationship. Below, we
summarize the empirical evidence supporting Pearson correlation as the preferred default measure, clarify the
interpretational limitations of rank-based alternatives, and discuss the theoretical relationship between correla-
tion signs and monotone GAMs, which, although informative, does not fully account for the observed empirical
patterns and therefore motivates the empirical analysis.

Empirical evidence supporting Pearson correlation. Pearson correlation exhibits the most consistent
agreement with the monotonicity direction inferred from shape-constrained GAMs. Specifically, Pearson aligns
with GAM monotonicity in 89% of cases at α = 10−5 and in 97% of cases at α = 0.05 (Table 2). By contrast,
Spearman and Kendall correlations align in only approximately two-thirds of cases and result in sign reversals.
Discrepancies arise in hypergraphs with multimodal, weakly curved, or U-shaped relationships. In such

settings, Pearson typically returns values close to zero, reflecting the absence of a clear global trend, whereas
rank-based correlations often report stronger associations with potentially misleading signs. These differences
indicate that Spearman and Kendall correlations are more sensitive to local structure, while Pearson more
robustly captures the dominant global direction of dependence.
Taken together, these results suggest that Pearson correlation is better suited for global characterization of

relationship. Accordingly, we recommend Pearson correlation as the default measure of dependence, particularly
when the goal is to summarize overall trends. Rank-based correlations remain valuable for detecting monotonic
associations; however, in the presence of multimodality , they require careful interpretation.

Theoretical relationship between correlation signs and monotone GAMs. The strong alignment
between the sign of the Pearson correlation and the monotonicity direction selected by a monotone GAM,
demonstrated in Section 3.2.1, is not incidental and can be partially rationalized on theoretical grounds. Let
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m(x) = E[Y | X = x] denote the conditional expectation function. A standard identity yields Cov(X,Y ) =
Cov(X,m(X)), see [7]. If m(·) is monotone increasing, then Cov(X,m(X)) ­ 0 and hence a non-negative pop-
ulation Pearson numerator. Thus, when the underlying conditional mean is monotone, Pearson sign agreement
is expected in the population. An analogous implication can be formulated for rank-based measures such as
Spearman’s correlation, but under substantially stronger conditions. A non-negative Spearman sign generally
requires that the conditional distribution of Y given X is stochastically increasing in X, for example in the
sense of first-order stochastic dominance. Consequently, there exist settings in which m(·) is increasing but the
stochastic dominance condition is violated, e.g. due to higher variance, in which case Spearman’s correlation
may be negative even though the Pearson correlation is non-negative. Consistent with this theoretical expecta-
tion, for all 18 hypergraphs classified in Section 3.3 as exhibiting monotonic (12) or linear (6) relationships, the
monotonicity direction identified by the monotone GAM agrees with the sign of both the Pearson and Spearman
correlations, although such agreement for the latter is not guaranteed on theoretical grounds.
When the conditional expectation m(·) is non-monotone, no general sign equivalence holds between Pearson

(or Spearman) correlation and the direction selected by a monotone GAM. In this setting, the sign of the Pearson
correlation is governed by Cov(X,m(X)) and therefore reflects the net, global trend of m(·). As a consequence,
sign alignment remains common when a non-monotone pattern exhibits a clear overall increase or decrease,
while disagreements may arise when Cov(X,Y ) is close to zero. In such cases, the Pearson sign is unstable.
This situation is exemplified by the email-enron dataset, which is classified as non-monotonic. The increas-

ing model yields a slightly better fit in terms of sum of squared errors, while the Pearson correlation is r = −0.002
and statistically insignificant even at α = 0.05. In these cases, the sign of the Pearson coefficient may be either
positive or negative depending on slight asymmetries in the curve. In this example, the selected monotonic
GAM indicates an increasing trend, creating a formal misalignment with the negative Pearson coefficient.
However, the above example of email-enron is the only instance of disagreement with Pearson among

the 15 hypergraphs classified as non-monotonic. By contrast, five non-monotonic hypergraphs exhibit sim-
ilar disagreement between Spearman sign and monotone GAM monotonicity, namely dblp, email-eu,
kaggle-whats-cooking, house-bills, and SFHH-conference6. The larger number of discrepancies for Spear-
man is not predicted by existing theoretical considerations and therefore necessitates empirical investigation.
While strong theoretical arguments support sign alignment between Pearson correlation, and to a lesser ex-

tent Spearman correlation, and monotone GAMs in the case of genuinely monotonic relationships, no analogous
guarantee exists for non-monotonic conditional mean structures. Such non-monotonic relationships constitute
a substantial fraction of the empirical cases considered here, accounting for 41.7% of identified relationships
at α = 10−5 and 58.3% at α = 0.05, as shown in Section 3.3.2. Given this prevalence of non-monotonic re-
lationships, neither Pearson- nor Spearman-based theoretical implications alone are sufficient to characterize
expected sign alignment with monotone GAMs. Consequently, the empirical assessment of sign alignment re-
ported in Section 3.2 is both necessary and informative for evaluating the practical consistency of these measures
in the presence of non-monotonic relationships.

Robustness Check: Logarithmic Feature Transformation An important design decision concerns
whether to apply natural logarithm transformations of either the hyperedge size or node degree
Our empirical evaluation shows that logarithmic transformation does not alter the conclusions of our

study. Specifically, the Pearson correlations between outcomes obtained from logarithmic and non-logarithmic
setups exceed 96% across all cases. Therefore, for clarity and consistency, we focus our main results on the
non-logarithmic setup.

4.3 Empirical result: prevalence of edge size–degree relationships

A main empirical result concerns the typical form of the relationship between hyperedge size and node degree.
Across 36 empirical hypergraphs, dependencies are the rule rather than the exception. Below, we summarize
the empirical evidence and discuss the robustness of this conclusion.

Empirical evidence for prevalence and complexity. Only 3 out of 36 hypergraphs (8.3%) are classified as
exhibiting no relationship between hyperedge size and node degree. The remaining 91.7% display , split between
monotonic relationships (18/36, including 6 linear cases) and non-monotonic relationships (15/36). When the

6This number differs from that reported in Section 3.2 because here we exclude hypergraphs classified as exhibiting no relationship
and focus solely on sign agreement, irrespective of statistical significance.
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threshold is relaxed to the conventional level of α = 0.05, the prevalence of structural dependence becomes
even more pronounced: the number of “no relationship” cases drops to zero, linear cases decrease from six to
two, and non-monotonic relationships increase to 21 out of 36 (58.3%). Taken together, these results show that
independence or simple linear dependence between hyperedge size and node degree is atypical , while non-linear
and often non-monotonic relationships are common.

Robustness with respect to variable assignment. The prevalence of complex relationships is robust
to the choice of which variable is treated as the predictor. Repeating the entire classification procedure after
reversing the roles of hyperedge size and node degree leaves the number of “no relationship” cases unchanged
at three, while substantially increasing the number of hypergraphs classified as non-monotonic, from 15 to
22. At the same time, the number of linear classifications drops sharply, from six to one. More than half of
the hypergraphs retain identical classifications across both configurations, and most discrepancies correspond to
shifts toward more complex categories rather than simplification. This pattern suggests that our original results,
obtained with hyperedge size as the predictor, if anything understate the prevalence of non-monotonic structure
and therefore provide a conservative view of the underlying dependencies.

4.4 Theoretical implications for social dynamics

The primary motivation for this study is to identify and quantify the relationship between two fundamental
structural properties of hypergraphs: hyperedge size and node degree. This relationship is of particular interest
due to its potential influence on dynamical processes that unfold on such higher-order structures. This section
reviews selected processes modelled on hypergraphs and proposes hypotheses on how structural correlations
might impact these dynamics. By doing so, we aim to highlight the broader relevance of our empirical findings
to modelling and understanding complex systems through a higher-order lens.

Spreading Dynamics of Social Contagions and Epidemics Traditional models of contagion dynamics,
such as SIS or SIR , have been extensively studied in the context of pairwise networks [5, 50, 61]. More recently,
researchers have extended these models to higher-order structures, particularly hypergraphs, which allow for
the direct modelling of group interactions that cannot be reduced to dyads [94, 16, 103, 29]. However, this line
of research has not yet addressed the potential role of correlation between hyperedge size and node degree.
We hypothesize that a positive correlation — where highly active nodes populate exceptionally large groups

— acts as a structural accelerator for simple contagions by maximizing broadcast reach and lowering epi-
demic thresholds. However, it simultaneously hinders complex contagions, which require dense, overlapping
environments to provide sufficient social reinforcement. For complex contagions, a negative correlation (hubs
concentrating in small groups) is hypothesized to be far more efficient at driving rapid adoption.

Social Influence Diffusion Process The core problem in this context is known as Social Influence Max-
imization (SIM): identifying a small seed set of influential individuals in a network whose activation leads to
maximal spread of influence [68]. SIM and its variants have been studied on graphs where nodes represent indi-
viduals and edges represent pairwise interactions. One prominent formulation is the Target Set Selection (TSS)
problem [59], which seeks the smallest set of initially activated nodes that can eventually activate the entire
network under a diffusion model, typically the linear threshold (LT) model [46, 98]. In reality, however, social
interactions are often group-based rather than pairwise. Hence, hypergraphs offer a natural representation.
Extensions of SIM and TSS to hypergraphs are therefore crucial for modelling higher-order social influence.
An open question concerns how the correlation between node degrees and hyperedge sizes impacts the

required size of the seed set. We hypothesize that this correlation directly impacts how influence is distributed.
If high-degree nodes systematically dominate massive hyperedges, influence is highly centralized. In such systems,
a very small, targeted seed set can efficiently trigger global cascades. Conversely, a negative correlation implies
a more balanced, decentralized participation structure, meaning optimal influence maximization would require
a larger, more distributed seed set.

Cooperation in the Public Goods Game The public goods game is a model in evolutionary game theory
that extends the prisoner’s dilemma to group interactions [99, 87]. In its simplest form, each of the G players
in a group decides whether to contribute a token (cooperate) or not (defect). The total contributions are then
multiplied by a synergy factor r > 1 and equally distributed among all group members, regardless of their
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strategy. If Nc players cooperate, then a cooperator receives πC = rNc/G − t (paying cost t), and a defector
receives πD = rNc/G. Thus, the game captures the essential social dilemma: while defection is individually
rational, collective cooperation yields the highest group payoff. Multiplayer games such as this are typically
studied on classical graphs by randomly selecting an edge, i.e., a pair of neighbouring players (i, j).
In evolutionary game theory, large groups typically exacerbate the free-rider problem, destabilizing coop-

eration. We hypothesize that if highly active individuals are concentrated in small hyperedges (a negative
correlation), they can form tight-knit, stable cooperative clusters that resist defection. If their activity is instead
diluted across large hyperedges (a positive correlation), the structural support for cooperation is expected to
collapse.

Summary Our focus is strictly on developing rigorous methodology to identify empirical relationship between
node degree and hyperedge size that constrains potential dynamics, rather than simulating the emergent be-
havioural processes themselves. While the dynamic implications are left for future research, establishing this
structural baseline allows us to formulate concrete, testable hypotheses.

4.5 Implications for Null Models and Generative Hypergraph Models

The identified degree–hyperedge size relationships may also have important implications for the development of
randomized reference models and generative hypergraph models. A common strategy in network science is to
construct null models that preserve selected structural constraints while randomizing all remaining aspects of
the system, allowing researchers to determine whether an observed pattern represents an independent structural
feature or merely emerges from more basic properties. This approach has been widely applied to bipartite and
higher-order systems using entropy-based and configuration-model frameworks [64, 86, 95, 97, 96, 90].
From this perspective, the relationship between node degree and hyperedge size can itself be viewed as a

structural observable whose significance should be assessed relative to suitable randomized reference models.
Existing hypergraph generators and null models often preserve degree sequences and hyperedge-size distributions
while typically implicitly assuming no systematic dependence between them. Our findings suggest that this
assumption may overlook an important aspect of higher-order structure. Future work could therefore develop
null models that explicitly preserve, control, or manipulate degree–hyperedge size relationships, for instance,
in a similar way that [115] propose a method to control degree correlations in generated graphs. Such models
would enable controlled experiments isolating the impact of this dependency on contagion dynamics, influence
diffusion, cooperation, and other higher-order processes, in much the same way that graph configuration models
are used to study the effects of degree distributions and assortativity in classical networks.

5 Conclusions and Further Research

The structural relationship between hyperedge size and node degree is a fundamental yet understudied property
of hypergraphs. Understanding whether and how these two features co-vary is essential not only for characterizing
real-world hypergraph data but also for designing more realistic generative models and interpreting dynamical
processes. This section summarizes our key findings and offers guidance for future research.

Conclusions This study introduces a generalizable statistical framework to systematically investigate the
empirical relationship between hyperedge size and node degree across 36 real-world hypergraphs, using linear
models and flexible Generalized Additive Models (GAMs). We classified each hypergraph according to the
complexity and direction of its underlying trend: linear, monotonic, non-monotonic, or absent, using a sequence
of statistical tests. Our results reveal that such relationships are not only widespread but also often complex:
nearly 42% of hypergraphs exhibit non-monotonic patterns, and only a small minority (3 out of 36) show no
significant dependency. These findings directly challenge common assumptions of structural independence in
generative models.
Importantly, while the existence of a degree–size relationship appears to be a pervasive feature of empirical

hypergraphs, its direction and functional form are strongly domain-dependent, despite substantial variation
across categories. Thus, our results should not be interpreted as supporting a universal positive or negative de-
pendence, but rather as evidence that non-trivial degree–size relationships are common across diverse application
domains. These patterns were interpretable based on the domain-specific meaning of nodes and hyperedges. For
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example, a positive relationship is expected in contact networks where individuals participating in larger groups
naturally accumulate more contacts, while negative correlations in political networks align with institutional
constraints or specialization effects.
An important practical takeaway for data analysts and hypergraph modellers is the critical role of data

preprocessing. Among the three examined strategies: node-centric, edge-centric, and bipartite representation,
we recommend the bipartite projection as the default. It consistently exhibited the lowest within-segment
variability and highest η2 effect sizes.
Moreover, we found that the sign of classical correlation coefficients, especially Pearson, aligns well with the

direction of the dominant trend estimated by GAMs. We also showed that Spearman and Kendall coefficients
can misrepresent global trends in the presence of multimodal or U-shaped relationships.
Taken together, this work highlights that the relationship between hyperedge size and node degree is not a

marginal feature but a structurally and semantically meaningful property of empirical hypergraphs. It should
therefore be measured carefully, interpreted in context, and considered when designing models, generating
synthetic data, or studying dynamics on hypergraph-structured systems.

Further Research Directions A direct application of this work is to inform the next generation of generative
models for synthetic hypergraphs, which typically neglect relationships between hyperedge size and node degree.
One approach is to leverage algorithms designed for degree–degree correlations in bipartite graphs, such as
the method proposed by Xulvi-Brunet and Sokolov [115, 57], and adapt them for hypergraph construction via
bipartite representations. Since Pearson correlations between hyperedge size and node degree translate directly to
degree–degree correlations in bipartite graphs, steering such dependencies during bipartite construction enables
generation of synthetic hypergraphs with empirically realistic structure.
However, as our findings show, linear measures like Pearson often fail to capture the full complexity of

these relationships, many of which are non-linear and non-monotonic. A promising direction is to model this
complexity explicitly by introducing dependencies into the data-generation process. For instance, by duplicating
hyperedges according to simulated weights drawn from power-law distributions, one could mimic the empirical
fluctuations and multimodal structures observed in real hypergraphs. These patterns often reflect structural
dependencies and repeated groupings (e.g., recurring meetings or standard mailing lists), and embedding such
mechanisms into generative models could substantially increase their realism.
Another critical avenue for future research is to examine how the correlation between hyperedge size and

node degree affect dynamical processes on hypergraphs. From a theoretical perspective, this constitutes an
original conceptual step: we use empirically observed structural correlations to motivate specific, falsifiable
hypotheses. To make this relationship testable, we hypothesized specific mechanisms linking the node-degree
and hyperedge-size correlation to dynamical outcomes across three canonical models of collective behaviour in
Discussion subsection 4.4. While our results suggest that such correlations could influence diffusion dynamics,
this remains a testable hypothesis for future modelling.
Finally, the statistical procedure developed in this study, implemented in R, provides an end-to-end frame-

work for assessing the relationship type. Such a tool has potential applications in many disciplines that require
classification of dependencies. Future research could extend the tool in several directions: accounting for cor-
related or clustered observations , richer feature engineering, such as logarithmic, Box–Cox, or user-defined ,
as well as packaging the method into libraries in R, Python, or Julia.
By combining rigorous empirical analysis, domain-informed interpretation, and practical tooling, this study

lays the foundation for future theoretical, algorithmic, and applied research into the structural dependencies
that underlie real-world hypergraph data.
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Hall/CRC, 2021.

[58] Bogumił Kamiński, Paweł Prałat, and François Théberge. Hypergraph artificial benchmark for community
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A Appendix

A.1 Proof of the covariance equivalence between preprocessing strategies

Let L = {(i, j) : bij = 1} denote the set of incidences and let

M = |L| =
∑
i,j

bij (7)

be the total number of incidences. We define the incidence-based means

µbik =
1
M

∑
(i,j)∈L

ki, µbis =
1
M

∑
(i,j)∈L

sj . (8)

The bipartite covariance between node degree and hyperedge size is then given by

Covbi(k, s) =
1
M

∑
(i,j)∈L

(
ki − µbik

)(
sj − µbis

)
. (9)

Grouping the sum by vertices yields

∑
(i,j)∈L

(
ki − µbik

)(
sj − µbis

)
=
n∑
i=1

(
ki − µbik

) ∑
j: bij=1

(
sj − µbis

)
. (10)

Using the identities ∑
j: bij=1

sj = kis̄i,
∑
j: bij=1

1 = ki, (11)

we obtain ∑
j: bij=1

(
sj − µbis

)
= ki
(
s̄i − µbis

)
. (12)

Substituting this expression back into the covariance yields

Covbi
(
ki, sj
)
=
1
M

n∑
i=1

ki
(
ki − µbik

)(
s̄i − µbis

)
, (13)

which is precisely the vertex-level covariance between ki and s̄i weighted by node degree wi = ki.
An analogous result for the hyperedge-centric representation can be obtained by grouping the incidence sum

by hyperedges rather than vertices; since the steps are entirely symmetric, we omit the derivation for brevity.
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A.2 Empirical Hypergraph Datasets: Domains and Descriptive Statistics

The dataset analyzed in this study consists of 36 empirical hypergraphs drawn from a wide variety of domains, en-
compassing both physical and digital social networks, biological networks and political structures. This breadth
includes physical contact networks (e.g., hospital-lyon, contact-primary-school), online user interactions
(e.g., threads-math-sx, tags-ask-ubuntu), institutional affiliations (e.g., house-committees, senate-bills),
and domain-specific scientific data such as drug composition (NDC-substances) or disease-gene associations
(diseasome, disgenenet). All 36 hypergraphs are organized into semantically coherent and internally homo-
geneous segments, such as User-Answer, Physical Contact, Email, and others. The complete list of datasets,
along with their assigned segments and detailed interpretations of both nodes and hyperedges, is provided in
Table 4. This interpretability is critical, as it allows us to meaningfully analyze and interpret the relation-
ship between node degree and hyperedge size. The node and hyperedge semantics ensure that our calculated
correlations are not just statistical artifacts but reflect domain-relevant structural patterns. All datasets are
publicly available through their respective sources, and we additionally host them in our GitHub repository:
https://github.com/AleksanderWWW/hypergraph-properties.

Hypergraph name Segment Node interpretation Hyperedge interpretation
algebra [8] User-Answer users of mathoverflow.net users who answered a particular type of

question about algebra within a month
amazon [8] Product-Category products reviewed by users on

Amazon
groups of similar items

contact-high-school [8] Physical Contact people at a high school interactions at a resolution of 20 seconds
contact-primary-school
[8]

Physical Contact people at a primary school interactions at a resolution of 20 seconds

dblp [8] Part-Whole DBLP paper authors documents published between January
and May 2017

diseasome [44] Diseases and
Gene

diseases genes associated with diseases

disgenenet [88] Diseases and
Gene

genes associated with diseases diseases

email-enron [8] Email email addresses at Enron sender and all recipients of the email
email-eu [13] [116] [66] Email email addresses at a European

research institution
sender and all receivers grouped by
timestamp

email-W3C [8] Email email addresses on W3C
mailing lists

set of email addresses on the same email

geometry [9] User-Answer users of mathoverflow.net sets of users who answered a certain
question category about geometry

got [8] Person-Place GoT characters GoT scenes linking characters appearing
in the same scene

hospital-lyon [106] Physical Contact patients and health-care
workers in a hospital ward in
Lyon, France

group interactions

music-blues-reviews [8] User-Review Amazon users users who reviewed a blues music product
within a month

nba [9] Part-Whole NBA players players involved in a match up to 2012
NDC-classes [9] Drugs class labels applied to drugs drugs
NDC-substances [9] Drugs substances making up a drug drugs
restaurant-reviews [8] User-Review Yelp users users who reviewed restaurants in

Madison, WI within a month
tags-ask-ubuntu [13] Tag-Question tags sets of tags applied to questions on

askubuntu.com
tags-math-sx [13] Tag-Question tags sets of tags applied to questions on

math.stackexchange.com
threads-ask-ubuntu [8] User-Thread users on askubuntu.com users participating in a thread lasting ¬

24 hours
threads-math-sx [8] User-Thread users on

math.stackexchange.com
users participating in a thread lasting ¬
24 hours

twitter [8] User-Thread
vegas-bars-reviews [8] User-Thread Yelp users users who reviewed the same bar in Las

Vegas within a month
evernote-places [69] Person-Place artists or artist groups places where idol/voice actor events took

place
house-bills (House) [27] Political political affiliation bill cosponsorship in the US House of

Representatives
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house-committees
(House) [27]

Political political affiliation committee membership in the US House
of Representatives

Hypertext-conference
[51]

Participant-
Conference

conference attendees face-to-face interactions over 2.5 days

InVS13 [42], InVS15
[40], science-gallery [52]

Physical Contact participants with sensors snapshots of groups present at specific
times

kaggle-whats-cooking [4] Part-Whole ingredients dishes comprising those ingredients
Malawi-village [82] Physical Contact individuals living in a village interactions in a rural Malawi village
house-bills (Senate) [27] Political political affiliation bill cosponsorship in the US Senate
house-committees
(Senate) [27]

Political political affiliation committee membership in the US Senate

SFHH-conference
[41, 101, 23]

Participant-
Conference

conference attendees face-to-face contacts every 20 seconds

Table 4: List of hypergraph datasets with their sources, assigned semantic segments, and interpretations of
nodes and hyperedges.

Beyond their domain diversity, the hypergraphs analyzed in this study exhibit substantial variation in struc-
tural characteristics, particularly in the size and distribution of node degrees and hyperedge sizes. This variabil-
ity is essential for assessing the correlation and relationship between these two quantities. In contrast, classical
graphs with binary edges lack such variability, as edge size is fixed at 2. Consequently, in standard graphs, the
notion of a relationship between edge size and node degree is either undefined or trivially zero. Tables 5 and 6
provide detailed summary statistics of node degrees and hyperedge sizes, including the number of observations
(n), average value (avg), standard deviation (sd), skewness (skew), and observed range (range).

name n avg sd range skew

algebra 423 19.53 34.01 1–375 5.03
amazon 4989 1.02 0.18 1–4 8.98
contact-high-school 327 55.63 27.06 2–148 0.48
contact-primary-school 242 126.98 55.15 28–261 0.31
dblp 71116 1.24 0.80 1–25 7.33
diseasome 516 2.15 2.15 1–22 3.84
disgenenet 12368 9.09 16.87 1–377 6.67
email-enron 143 32.33 24.26 2–118 1.22
email-eu 1005 88.96 116.35 1–918 2.52
email-W3C 5601 2.39 11.43 1–282 17.23
geometry 580 21.53 36.26 1–260 3.72
got 577 20.99 59.79 1–632 5.83
hospital-lyon 75 59.03 48.99 6–205 1.22
music-blues-reviews 1106 9.49 10.72 1–127 3.25
nba 2191 293.95 308.26 1–1476 1.12
NDC-classes 1161 134.53 402.96 1–5357 7.88
NDC-substances 5311 10.08 35.11 1–579 8.85
restaurant-reviews 565 8.14 7.22 1–59 3.51
tags-ask-ubuntu 3029 164.84 606.11 1–12931 10.31
tags-math-sx 1629 364.10 1039.61 1–13950 6.80
threads-ask-ubuntu 125602 2.76 20.78 1–2332 51.55
threads-math-sx 176445 9.13 92.98 1–12511 59.98
twitter 22964 2.21 4.61 1–266 18.03
vegas-bars-reviews 1234 9.62 7.37 1–147 7.85
eventernote-places 71890 9.92 25.02 1–421 5.70
house-bills 1494 835.79 815.06 1–6220 2.10
house-committees 1290 9.18 7.09 1–44 1.16
Hypertext-conference 113 345.56 304.16 2–1446 1.52
InVS13 92 210.65 193.14 5–1089 2.13
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name n avg sd range skew

InVS15 217 691.01 488.80 1–3192 1.50
kaggle-whats-cooking 6714 63.78 388.31 1–18048 22.99
Malawi-village 86 2338.01 1780.06 12–7636 0.63
Science-Gallery 10972 65.41 56.06 1–486 1.66
senate-bills 294 789.62 640.09 1–3514 1.31
senate-committees 282 19.18 14.85 1–63 0.85
SFHH-conference 403 289.42 311.67 2–1960 2.64

Table 5: Node degree distribution

name n avg sd skew range

algebra 1268 6.52 6.58 6.32 2–107
amazon 1176 4.35 2.27 -0.71 1–6
contact-high-school 7818 2.33 0.53 1.38 2–5
contact-primary-school 12704 2.42 0.55 0.88 2–5
dblp 25624 3.45 2.12 5.24 1–69
diseasome 481 2.31 1.50 1.95 1–11
disgenenet 2069 54.36 169.31 7.38 1–2453
email-enron 1514 3.05 2.29 5.92 1–37
email-eu 25148 3.56 3.40 4.51 1–40
email-W3C 6000 2.23 0.99 10.11 2–23
geometry 1193 10.47 15.65 4.11 2–230
got 4165 2.91 2.35 2.33 0–24
hospital-lyon 1824 2.43 0.56 0.92 2–5
music-blues-reviews 694 15.13 14.71 1.81 2–83
nba 31686 20.33 1.89 0.18 14–28
NDC-classes 49724 3.14 2.10 2.66 1–24
NDC-substances 9906 5.40 5.78 1.49 1–25
restaurant-reviews 601 7.66 7.28 1.90 2–43
tags-ask-ubuntu 147222 3.39 1.03 0.04 1–5
tags-math-sx 170476 3.48 0.97 0.02 1–5
threads-ask-ubuntu 192947 1.80 0.80 1.29 1–14
threads-math-sx 719792 2.24 1.04 1.48 1–21
twitter 4065 12.51 16.90 3.40 1–207
vegas-bars-reviews 1194 9.94 13.82 2.65 2–73
eventernote-places 19033 37.48 185.35 12.84 0–6420
house-bills 60987 20.47 33.83 4.27 2–399
house-committees 341 34.73 21.39 -0.03 1–81
Hypertext-conference 19036 2.05 0.24 5.51 2–6
InVS13 9644 2.01 0.10 10.72 2–4
InVS15 73822 2.03 0.18 5.50 2–4
kaggle-whats-cooking 39774 10.77 4.43 0.86 1–65
Malawi-village 99942 2.01 0.11 9.18 2–4
Science-Gallery 338765 2.12 0.35 3.13 2–5
senate-bills 29157 7.96 10.27 3.23 2–99
senate-committees 315 17.17 6.79 -0.53 4–31
SFHH-conference 54305 2.15 0.50 5.34 2–9

Table 6: Hyperedge size distribution

This structural heterogeneity, combined with interpretability and semantic clarity, makes our dataset partic-
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ularly suitable for a robust investigation of correlations between hyperedge size and node degree. The richness
of the dataset ensures that the findings are not limited to a single domain or structure, while the semantic
interpretability allows us to validate the significance of results in real-world terms. Altogether, this provides a
strong foundation for generalizable and meaningful analysis.

A.3 Computational Implementation and Complexity

In this section, we outline the implementation details behind the analysis hypergraph properties employed in
this paper. The key components involve:

• data ingestion from various source formats,

• construction of efficient data structures for hypergraph representation,

• tools used to optimize computations on hypergraphs.

The data used for the process was obtained from different sources and was therefore stored in diverse file
formats. Those included JSON (JavaScript Object Notation), HGF (Hypergraph format), XGI (CompleX Group
Interactions) and plain text (.txt). A different strategy was necessary for each. Additionally, for all but for JSON
the code for line-by-line reading had to be crafted (Python’s built-in json library handled JSON files without
the need of custom reading and parsing implementations).
Based on the loaded file contents, an instance of a sparse matrix was created. Choosing this type of data

structure allowed for efficient storage of large hypergraphs (dense matrices would quickly drain memory resources
and cause crashes in the processing pipeline), while remaining on par with the representation used in literature.
The latter significantly simplified the translation from theory into software implementation.
For the JSON files, it was possible to use the scipy.sparse.coo array object and construct the entire sparse

matrix in one function call. In the other cases, an incremental line-by-line approach was needed. For synthetic
hypergraphs generated by the h–ABCD synthetic benchmark [58], scipy.sparse.lil array was the most
efficient type for construction, whereas for empirical hypergraphs, scipy.sparse.dok array performed best.
Based on this observation, we recommend further research into a potential relationship between a hypergraph
type, and the optimal sparse matrix type for incremental construction. In all cases, the constructed object
was converted in the scipy.sparse.csr array type, as it is best suited for fast data indexing, crucial to the
calculations performed in the following parts of the process.
The achieved space complexity was O(nnz) + O(n), where nnz is the number of non-zero elements and n

is the number of rows in the matrix. This is more efficient for hypergraphs, where the nnz will typically be
substantially smaller than the dense matrices’ O(n ·m) complexity (m being the number of columns).
Upon receiving the object representing a hypergraph, the downstream tasks in the pipeline utilized numpy’s

array and scipy’s sparse array methods optimized for fast vector computations, to calculate correlations and
descriptive statistics of the data. Initially, numba was employed in hopes of taking advantage of the JIT (Just-in-
time) compilation. This approach, however, yielded no significant improvements in the processing speed, while
increasing the complexity of the implementation details.
Predominant operations in the process of correlation computation were summing over rows, summing over

columns and indexing non-zero elements of the CSR matrix. The first two operations are of O(nnz) time
complexity, and the indexing of O(1). Those characteristics allowed for efficient data processing even for large
hypergraph files.
All statistical analyses, including correlation computations, model fitting, and figure generation, were per-

formed using the R programming language [92]. Correlation measures such as Pearson’s r, Spearman’s ρ, and
Kendall’s τ were calculated using base R functions, while statistical modelling was conducted using Generalized
Additive Models (GAMs) and shape-constrained additive models (SCAMs). Specifically, unrestricted GAMs
were fitted using the mgcv package [112], and monotonic (increasing and decreasing) GAMs were implemented
with the scam package [91], which extends mgcv to support monotonicity constraints. For each dataset, GAMs
were estimated using penalized regression splines. Unrestricted GAMs employed thin plate regression spline
bases for the smooth term. Smoothing parameters were selected automatically using restricted maximum like-
lihood (REML). Monotonic GAMs were fitted using shape-constrained spline bases enforcing either monotone
increase or monotone decrease, with smoothing parameters again estimated via REML. The final monotonic
model was selected by comparing the monotone increasing and monotone decreasing fits and retaining the spec-
ification that better matched the observed data. All models assumed Gaussian errors, and effective degrees of
freedom were determined through penalization rather than fixed a priori.
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All statistical analyses, including correlation computations, model fitting, and figure generation, were per-
formed using the R programming language [92]. Correlation measures such as Pearson’s r, Spearman’s ρ, and
Kendall’s τ were calculated using base R functions, while statistical modeling was conducted using Generalized
Additive Models (GAMs) and shape-constrained additive models (SCAMs). Specifically, unrestricted GAMs
were fitted using the mgcv package [112], and monotonic (increasing or decreasing) GAMs were implemented
with the scam package [91], which extends mgcv to support monotonicity constraints.
Model comparisons were carried out using ANOVA F -tests from base R functions [25]. For data wrangling

and summarization, we employed the dplyr [111] and data.table [32] packages. Figures were produced using
ggplot2 [110], with ggrepel for improved label placement and ggpubr for consistent theming. Supplementary
LaTeX-ready tables were generated using xtable, and eta-squared (η2) statistics were calculated with the lsr
package [74]. Altogether, the R ecosystem provided a flexible and reproducible framework for executing the
statistical pipeline described in this study.
All reproducible code used in this study, including both Python and R scripts for data processing, statistical

analysis, and figure generation, is available in the public repository: https://github.com/AleksanderWWW/
hypergraph-properties.

A.4 Correlation Measures for Hyperedge Size and Node Degree

To characterize the statistical association between hyperedge size and node degree, we employ three standard
correlation measures: Pearson’s r, Spearman’s ρ, and Kendall’s τ . Each captures a different notion of dependence
and responds differently to nonlinearity, outliers, and the shape of the relationship. In this subsection, we briefly
define each measure, discuss their strengths and limitations, and outline when their use is most appropriate.

Pearson Correlation Pearson’s correlation coefficient r quantifies the strength and direction of a linear
relationship between two continuous variables: x and y [85]. It is defined as:

r =
∑n
i=1(xi − x̄)(yi − ȳ)√∑n

i=1(xi − x̄)2
√∑n

i=1(yi − ȳ)2
(14)

Confidence intervals are computed using the Fisher z transformation with standard error 1/
√
N − 3. Pear-

son’s r assumes that both variables are linearly related. It is sensitive to outliers and may be misleading in the
presence of nonlinear or monotonic but non-linear relationships [38]. However, recent work by van den Heuvel
and Zhan (2022) challenges the conventional wisdom distinguishing Pearson’s r for linear relationships and
Spearman’s ρ or Kendall’s τ for nonlinear monotonic associations. They argue that “Pearson’s correlation coef-
ficient should not be ruled out a priori for measuring nonlinear monotonic associations,” and further demonstrate
via counterexamples that Pearson’s r can be preferred over Spearman’s ρ and Kendall’s τ in testing dependency
even when the association is monotonic but nonlinear [105]. Therefore, Pearson’s r tends to be more robust
and interpretable in contexts where the global trend described by a single summary of direction and strength is
desired.

Spearman Correlation Spearman’s rank correlation coefficient ρ is a non-parametric measure that assesses
the strength of a monotonic relationship between two variables [100]. It is defined as the Pearson correlation
between the ranks of the variables:

ρ =
∑n
i=1(R(xi)− R̄x)(R(yi)− R̄y)√∑n

i=1(R(xi)− R̄x)2
√∑n

i=1(R(yi)− R̄y)2
(15)

where R(xi) and R(yi) denote the ranks of xi and yi, respectively. In the presence of ties, midranks (average
ranks) are used, which corresponds to the standard definition of Spearman’s ρ. Spearman’s rank correlation was
computed using the implementation scipy.stats.spearmanr. As a robustness check, we examine the sensitivity
of the Spearman correlation to alternative tie-handling procedures. In particular, we compare the default average
ranking (used throughout the paper whenever Spearman correlation is reported) with the min, max, and dense
ranking methods.
Both the min and max ranking schemes yield Spearman correlations that are virtually indistinguishable

from the default average ranking. For the min method, the mean difference equals 0.00198, with R2 = 0.997
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between the two sets of estimates, and a paired two-sided t-test indicates no statistically significant difference
(p = 0.2489). Similarly, for the max method, the mean difference equals −0.000699, with R2 = 0.997, and the
paired two-sided t-test is not significant (p = 0.702).
The dense ranking produces estimates that are statistically different from the default Spearman correlation

(paired two-sided t-test p = 0.0407), but the magnitude of the discrepancy remains small: the mean difference
equals 0.017 and the association between the two sets of estimates remains strong (R2 = 0.925).
Given the small effect size and the high concordance across ranking schemes, we conclude that the choice

of tie-handling method has negligible practical impact on the results. We therefore report only the default
average-rank Spearman correlation throughout the paper.

Kendall Correlation Kendall’s tau (τ) is another non-parametric measure of monotonic association, based
on the number of concordant and discordant pairs in the data [60]. Given the abundance of ties in node degrees
and hyperedge sizes in our data, we focus on Kendall’s τb, which explicitly accounts for ties in both variables.
Kendall’s τb is defined as

τb =
C −D√

(C +D + Tx)(C +D + Ty)
, (16)

where C is the number of concordant pairs, D the number of discordant pairs, and Tx and Ty denote the numbers
of tied pairs in x and y, respectively. A pair of observations (xi, yi) and (xj , yj) is said to be concordant if the
ranks of both elements agree in direction: that is, either xi > xj and yi > yj , or xi < xj and yi < yj . Conversely,
the pair is discordant if the ranks disagree: one variable increases while the other decreases (e.g., xi > xj but
yi < yj). Tied pairs are not counted as concordant or discordant but are incorporated into the normalization of
τb, making this variant particularly suitable for data with many repeated values.
As a robustness check, we also computed Kendall’s τc, which differs only in the normalization and is designed

for settings with a limited number of distinct values. The results based on τc are qualitatively consistent with
those for τb: the two measures are almost perfectly correlated (Pearson r = 0.995) and do not differ significantly
on average (paired two-sample t-test: mean diff = 0.00329, t = 1.88, two-tailed p = 0.068).

Comparison and Application In the context of our hypergraph analysis, Pearson’s r offers a direct assess-
ment of global trends between hyperedge size and node degree and is meaningful when such trends are present.
Spearman’s ρ and Kendall’s τ , on the other hand, are more appropriate when the relationship is suspected to
be nonlinear but monotonic, especially common in empirical network data. While Spearman tends to be more
sensitive, Kendall is more statistically robust and better suited to small or highly discrete datasets.
Non-parametric correlation coefficients such as Spearman’s ρ and Kendall’s τ are designed to capture rank-

based, monotonic associations and are known for their robustness to outliers and non-normal distributions [105,
34]. These coefficients rely on relative ordering rather than the actual magnitudes of data, making them less
sensitive to the shape and sign of complex, nonlinear relationships when compared to Pearson’s r, which directly
assesses covariance between variable magnitudes [67, 113].
The statistical literature supports three relevant findings regarding the use of Pearson’s r, Spearman’s ρ,

and Kendall’s τ for measuring association. First, although non-parametric measures like ρ and τ are valued for
their robustness, they exhibit higher variance and bias than Pearson’s r even under non-normal, contaminated,
or curved distributions [114]. Second, Pearson’s r remains the most statistically efficient estimator even when
the underlying relationship is approximately linear or near-normal, conditions that are frequently approximated
in large empirical datasets [28]. Third, while Spearman’s and Kendall’s measures are designed to detect mono-
tonicity, they may fail to reflect the dominant global trend direction, especially when the relationship is weakly
monotonic or contains local non-monotonic variations [105]. In this paper, we further investigate this third
point by directly comparing the signs of Pearson’s r, Spearman’s ρ, and Kendall’s τ to the global direction of
association estimated by monotonic Generalized Additive Models (GAMs) [48, 112]. This allows us to evaluate
how well each correlation measure captures the overarching trend in the data, even when local fluctuations or
curvature are present.
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A.5 Supplementary Analyses Referenced in Main Text

A.5.1 Methodological result I: bipartite representation as the preferred preprocessing strategy

Explaining η2 values via within-segment variability in correlation estimates Figure 5 presents the
variability of correlation values for six pairings of Pearson and Spearman correlations with the three preprocess-
ing strategies: node-centric, edge-centric, and bipartite representation. It is referenced in subsection 3.1.2.

Pairwise Comparison of Preprocessing Strategies A deeper analysis of the interrelation between the
three data preprocessing strategies is provided in Figure 6. Figure (a) displays a scatterplot comparing Pearson
correlations under the bipartite representation versus edge-centric processing. The reported R2 of 0.60 indicates
a moderate positive association between these two measurements. This is consistent with Figures 2 and 5, which
demonstrate general alignment between these two correlation estimates, although with notable exceptions. Four
hypergraphs with the largest discrepancies between bipartite and edge-centric Pearson correlations are labelled in
the figure 6(a). Among them, music-blues-reviews stands out, with a positive edge-centric Pearson correlation
of 0.0753, while its bipartite Pearson is substantially negative at −0.132. Interestingly, its node-centric Pearson
is even more negative at −0.335, aligning more closely with the bipartite estimate. Similar discrepancies are
observed in house-committees (redge = −0.305, rbipartite = −0.037) and senate-committees (redge = −0.310,
rbipartite = −0.048), both from the political segment. Again, their node-centric correlations (−0.014 and
−0.001, respectively) are closer to bipartite values. The regression line fitted between edge-centric and bipartite
Pearson correlations is rbipartite = 0.015 + 0.46 × redge, indicating no systematic bias, as the intercept is small
and statistically non-significant.
Figure 6(b) shows the scatterplot of bipartite versus node-centric Pearson correlations. The relationship

between these two is similar, with R2 = 0.60 and an estimated regression line of rbipartite = 0.013+0.48× rnode,
again indicating no significant bias. Nonetheless, some hypergraphs exhibit large discrepancies. For exam-
ple, contact-high-school has a node-centric Pearson of 0.750 but a bipartite value of only 0.180, a dif-
ference of 0.570. Similar discrepancies are found in hospital-lyon (rnode = 0.893, rbipartite = 0.337),
contact-primary-school (0.572 vs. 0.089), and nba (−0.467 vs. −0.083). As previously, the third preprocessing
measurements, i.e., edge-centric Pearson correlations for these hypergraphs are closer to bipartite correlations.
Finally, Figure 6(c) compares Pearson correlations between node-centric and edge-centric representations.

This pair exhibits the weakest relationship, with R2 = 0.34. The estimated regression line is rnode = 0.020 +
0.52×redge, again with a non-significant intercept. The most prominent outliers are again hypergraphs from the
physical contact segment: contact-high-school (rnode = 0.750, redge = 0.228), contact-primary-school
(0.572 vs. 0.114), hospital-lyon (0.893 vs. 0.473), as well as music-blues-reviews (−0.335 vs. 0.075). These
illustrate that node- and edge-centric preprocessing steps can yield substantially different correlation estimates
even when applied to structurally similar hypergraphs.
Figure 6(d) displays overlaid distributions of Pearson correlations for the three hypergraph preprocessing

strategies. Consistent with the regression results discussed earlier, the distributions share similar central ten-
dencies, indicating no systematic location bias. However, the distributions differ notably in their spread. The
node-centric correlations exhibit the widest dispersion, reflecting the presence of several hypergraphs with ex-
ceptionally especially high, but also low correlation values. In contrast, the bipartite-based Pearson correlations
are the most concentrated around its mean, suggesting greater stability and less variability across datasets.
These observations further reinforce the finding that the bipartite representation yields more stable correlation
estimates.

A.5.2 Methodological result II: Pearson correlation as the preferred measure of dependence

Quantitative Comparison of Pearson and Spearman correlations Figure 7 presents a scatterplot of
Pearson vs. Spearman correlation coefficients for 36 empirical hypergraphs. Six hypergraphs for which the two
coefficients differ in sign are labelled. Visual inspection reveals a general alignment along the identity (dashed)
line, with minor fluctuations. The fitted regression (solid) line supports this, showing a slope close to one and
an intercept estimate of 2.43% (SE = 0.988%), which is statistically significant at α = 0.05 (p = 0.0192).
This indicates a small but systematic upward bias in Spearman relative to Pearson. The goodness-of-fit of this
regression, R2 = 79.0%, suggests a relative high alignment between the two metrics.
Half of the hypergraphs show an absolute difference between the two metrics of less than 2.95pp, and

75% have a difference below 6.4pp. Nevertheless, a few outliers show discrepancies exceeding 12pp in absolute
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Figure 5: Box plots with points of correlation values across preprocessing methods and correlation types, grouped
by hypergraph segments. Labels bi, edge, and node denote bipartite, edge-, and node-centric strategies.

terms: email-eu (Spearman vs. Perason difference: 12.1pp), threads-math-sx (12.1pp), diseasome (-12.3pp),
email-enron (13.2pp), and threads-ask-ubuntu (16pp). Notably, four of these belong to either the email or
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Figure 6: (a–c) Scatterplots of Pearson correlations between pairs of hypergraph preprocessing strategies, with
fitted regression line (solid) and identity line (dashed); (d) distribution of Pearson correlations.

threads categories. In each of these four cases, Spearman is systematically higher than Pearson by at least
12pp; in two instances (email-enron, email-eu) this leads to opposite signs. The common factor appears to be
an initial upward trend in dense regions of the data, which biases rank-based Spearman estimates, as visible in
Figure 4a. While Pearson reflects the global trend, Spearman is heavily influenced by early dense data ranges.
The case of diseasome presents a reverse scenario. Here, Spearman (-0.19) is 12.3pp lower than Pearson

(-0.067), revealing a monotonic decreasing relationship. Spearman is statistically significant at α = 0.00001,
whereas Pearson is significant at α = 0.05 with p = 0.026. This is the one case in which Spearman is better
aligned with the monotonic GAM classification than Pearson due to its statistical insignificance, that can be
explained by the relatively small dataset size (N = 1109).

Assessing Alignment Between GAM Monotonicity and Correlation Coefficients’ Signs In Sec-
tion 3.2, we consider the alignment between the sign of each correlation coefficient and the monotonicity direc-
tion inferred from GAM models. This analysis draws extensively on Table 7, which reports Pearson, Spearman,
and Kendall correlations (sorted by decreasing Pearson) for all 36 empirical hypergraphs, along with the mono-
tonicity direction of the fitted monotonic GAM in the bipartite representation. This allows us to compare the
sign of each coefficient with the trend direction. A summary of this alignment is presented in Table 2.
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Hypergraph Pearson Spearman Kendall GAM Mono-
tonicity

N

hospital-lyon 0.337*** (0.013) 0.343*** (0.013) 0.278*** (0.012) Inc. 4427
NDC-classes 0.191*** (0.002) 0.157*** (0.002) 0.117*** (0.002) Inc. 156185
contact-high-school 0.180*** (0.007) 0.189*** (0.007) 0.152*** (0.006) Inc. 18192
tags-math-sx 0.116*** (0.001) 0.114*** (0.001) 0.087*** (0.002) Inc. 593121
threads-ask-ubuntu 0.104*** (0.002) 0.263*** (0.002) 0.206*** (0.002) Inc. 346537
threads-math-sx 0.099*** (0.001) 0.220*** (0.001) 0.166*** (0.002) Inc. 1610393
tags-ask-ubuntu 0.095*** (0.001) 0.126*** (0.001) 0.101*** (0.002) Inc. 499298
NDC-substances 0.090*** (0.004) 0.191*** (0.004) 0.129*** (0.003) Inc. 53528
contact-primary-school 0.089*** (0.006) 0.084*** (0.006) 0.068*** (0.005) Inc. 30729
Science-Gallery 0.086*** (0.001) 0.097*** (0.001) 0.081*** (0.003) Inc. 717690
amazon 0.044** (0.014) 0.041** (0.014) 0.040** (0.014) Non-sign. 5112
vegas-bars-reviews 0.037** (0.009) 0.102*** (0.009) 0.073*** (0.006) Non-sign. 11865
twitter 0.035*** (0.004) 0.098*** (0.004) 0.073*** (0.003) Inc. 50850
Malawi-village 0.034*** (0.002) 0.025*** (0.002) 0.022*** (0.003) Inc. 201069
InVS15 0.020*** (0.003) 0.025*** (0.003) 0.018*** (0.003) Inc. 149949
email-enron -0.002 (0.015) 0.125*** (0.014) 0.093*** (0.011) Inc. 4623
senate-bills -0.013*** (0.002) -0.003 (0.002) -0.004 (0.002) Dec. 232147
dblp -0.022*** (0.003) 0.013** (0.003) 0.011** (0.003) Dec. 88458
Hypertext-conference -0.023*** (0.005) -0.010* (0.005) -0.008* (0.004) Dec. 39048
SFHH-conference -0.027*** (0.003) 0.012** (0.003) 0.009** (0.003) Dec. 116636
kaggle-whats-cooking -0.030*** (0.002) 0.014*** (0.002) 0.007** (0.002) Dec. 428249
InVS13 -0.030** (0.007) -0.019** (0.007) -0.016** (0.006) Non-sign. 19380
house-bills -0.031*** (0.001) 0.031*** (0.001) 0.021*** (0.002) Dec. 1248666
house-committees -0.036** (0.009) -0.011 (0.009) -0.007 (0.006) Dec. 11843
senate-committees -0.048** (0.014) -0.019 (0.014) -0.013 (0.009) Dec. 5408
diseasome -0.067* (0.030) -0.186*** (0.029) -0.138*** (0.023) Dec. 1109
got -0.073*** (0.009) -0.141*** (0.009) -0.100*** (0.006) Dec. 12114
restaurant-reviews -0.079*** (0.015) -0.046** (0.015) -0.032** (0.010) Dec. 4601
nba -0.083*** (0.001) -0.083*** (0.001) -0.059*** (0.002) Dec. 644051
email-eu -0.084*** (0.003) 0.037*** (0.003) 0.024*** (0.002) Dec. 89409
algebra -0.097*** (0.011) -0.112*** (0.011) -0.078*** (0.008) Dec. 8262
eventernote-places -0.097*** (0.001) -0.071*** (0.001) -0.044*** (0.002) Dec. 713400
email-W3C -0.118*** (0.009) -0.033** (0.009) -0.029** (0.007) Dec. 13361
geometry -0.129*** (0.009) -0.112*** (0.009) -0.078*** (0.006) Dec. 12485
music-blues-reviews -0.132*** (0.010) -0.228*** (0.009) -0.159*** (0.007) Dec. 10499
disgenenet -0.166*** (0.003) -0.182*** (0.003) -0.125*** (0.002) Dec. 112471

Table 7: Correlation measures (sorted by decreasing Pearson) with standard error in parentheses for bipartite
representation with significance stars (* p < 0.05, ** p < 0.01, *** p < 0.00001) and the monotonicity direction
of fitted monotonic GAM. Pearson and Spearman use full N (SE via Fisher z approximation; Spearman uses
a large-sample approximation). Kendall uses a tie-corrected normal approximation; for N > 105, Kendall is
computed on a simple random subsample of 105 observations without replacement using a fixed random seed.
At this sample size, the corresponding asymptotic standard error is approximately 0.002, indicating negligible
sampling variability for the reported correlations.
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Figure 7: Scatterplot of Pearson vs. Spearman correlation coefficients for 36 hypergraphs. The dashed red line
indicates the identity line (45°), and the solid blue line shows the fitted linear regression. The six hypergraphs
for which the two correlation coefficients differ in sign are labeled.

A.5.3 Empirical result: prevalence of edge size–degree relationships

Identification of Relationship Types: Results of Statistical Tests Table 8 reports, for each hypergraph,
the p-values in the parenthesis from the three nested statistical tests and the resulting classification of the
relationship type, following the procedure outlined in Subsection 2.3. The classification is based on a conservative
significance threshold of α = 0.00001, ensuring robustness against spurious detections. Moreover, we report size
effects for comparisons between competing models, as the difference in explained variance measured by ∆R2

defined as:

∆R2 = R2unrestricted −R2restricted.

The overall distribution of relationship types across the 36 empirical hypergraphs is summarized in Table 3
and discussed in Subsection 3.3.2.

Identification of Relationship Types: Visual Inspection Subsection 3.3.1 introduced and discussed four
representative examples (out of 36) of hypergraphs, each illustrating one of the four identified relationship types:
non-monotonic, monotonic, linear, and no relationship. These examples were visualized in Figures 4 and 4. The
remaining 32 empirical hypergraphs are presented in a separate file.
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Hypergraph Relationship ∆R2 (p-val for
H0 : monotonic)

∆R2 (p-val for
H0 : linear)

R2 (p-val for H0 :
R2 = 0)

N

algebra Monotonic 0.06% (0.11000) 0.34% (< 10−5) 0.94% (< 10−5) 8262
amazon No relationship 0.02% (0.08100) 0.04% (0.07700) 0.2% (0.00150) 5112
contact-high-school Monotonic -0% (0.19000) 0.16% (< 10−5) 3.24% (< 10−5) 18192
contact-primary-
school

Linear -0% (0.01600) 0% (0.01600) 0.79% (< 10−5) 30729

dblp Non-monotonic 0.59% (< 10−5) 0.14% (< 10−5) 0.05% (< 10−5) 88458
diseasome Monotonic 0.22% (0.34000) 0.34% (< 10−5) 0.45% (0.02600) 1109
disgenenet Monotonic 0% (0.89000) 0.45% (< 10−5) 2.75% (< 10−5) 112471
email-enron Non-monotonic 1.07% (< 10−5) 2.04% (< 10−5) 0% (0.87000) 4623
email-eu Non-monotonic 1.99% (< 10−5) 0.52% (< 10−5) 0.71% (< 10−5) 89409
email-W3C Monotonic -0.01% (1.00000) 0.86% (< 10−5) 1.39% (< 10−5) 13361
eventernote-places Non-monotonic 0.01% (< 10−5) 0.24% (< 10−5) 0.95% (< 10−5) 713400
geometry Monotonic 0.11% (0.00078) 0.24% (< 10−5) 1.68% (< 10−5) 12485
got Monotonic 0.24% (0.00001) 1.52% (< 10−5) 0.53% (< 10−5) 12114
hospital-lyon Linear -0% (1.00000) 0.11% (0.01200) 11.37% (< 10−5) 4427
house-bills Non-monotonic 0.48% (< 10−5) 0.15% (< 10−5) 0.1% (< 10−5) 1248666
house-committees Non-monotonic 0.95% (< 10−5) 0.99% (< 10−5) 0.13% (0.00007) 11843
Hypertext-
conference

Linear -0.01% (0.13000) 0.01% (0.12000) 0.05% (< 10−5) 39048

InVS13 No relationship -0% (0.00990) 0% (0.00990) 0.09% (0.00003) 19380
InVS15 Linear 0% (0.28000) 0% (0.00510) 0.04% (< 10−5) 149949
kaggle-whats-
cooking

Non-monotonic 0.04% (< 10−5) 0.03% (< 10−5) 0.09% (< 10−5) 428249

Malawi-village Linear -0% (0.01000) 0% (0.01000) 0.12% (< 10−5) 201069
music-blues-
reviews

Non-monotonic 1.39% (< 10−5) 0.83% (< 10−5) 1.73% (< 10−5) 10499

nba Non-monotonic 0.03% (< 10−5) 0.06% (< 10−5) 0.69% (< 10−5) 644051
NDC-classes Non-monotonic 11.43% (< 10−5) 9.14% (< 10−5) 3.64% (< 10−5) 156185
NDC-substances Non-monotonic 0.87% (< 10−5) 4.69% (< 10−5) 0.82% (< 10−5) 53528
restaurant-reviews Linear -0% (0.00440) 0% (0.00440) 0.62% (< 10−5) 4601
Science-Gallery Non-monotonic 0.02% (< 10−5) 0.18% (< 10−5) 0.75% (< 10−5) 717690
senate-bills Non-monotonic 0.02% (< 10−5) 0.01% (0.00096) 0.02% (< 10−5) 232147
senate-committees Monotonic 0.2% (0.05600) 1.32% (< 10−5) 0.23% (0.00038) 5408
SFHH-conference Non-monotonic 0.12% (< 10−5) 0.22% (< 10−5) 0.08% (< 10−5) 116636
tags-ask-ubuntu Monotonic 0% (0.20000) 0.32% (< 10−5) 0.91% (< 10−5) 499298
tags-math-sx Monotonic 0% (0.08800) 0.29% (< 10−5) 1.35% (< 10−5) 593121
threads-ask-ubuntu Monotonic 0% (0.26000) 0.28% (< 10−5) 1.09% (< 10−5) 346537
threads-math-sx Monotonic -0.03% (1.00000) 0.85% (< 10−5) 0.98% (< 10−5) 1610393
twitter Non-monotonic 3.26% (< 10−5) 0.89% (< 10−5) 0.12% (< 10−5) 50850
vegas-bars-reviews No relationship 0.01% (0.06500) 0.04% (0.01600) 0.14% (0.00005) 11865

Table 8: Difference in explained variance between models measured by ∆R2 with p-values in parenthesis identi-
fying one of four relationship types, i.e. non-monotonic, monotonic, linear, no relationship, by running following
three statistical tests: (1) ANOVA test comparing two models withH0 : unrestricted GAM = monotonic GAM ,
(2) ANOVA test comparing two models with H0 monotonic GAM = OLS, (3) F -test with H0 : R2 = 0. Sig-
nificance level α = 10−5.
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